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A B S T R A C T

The velocity response spectrum (SV) plays an important role in the seismic design of structures 
that incorporate supplementary velocity-dependent dampers, which can be approximated by the 
pseudo-velocity response spectrum converted from the acceleration response spectrum (SA). 
However, the error of this approximation is significant for short and long periods. This paper aims 
to develop a model for transforming the SA into the SV. To systematically explore the relationship 
between SA and SV and find the parameters affecting it, a theoretical SA-SV relationship is 
derived based on random vibration theory. Accordingly, statistical analyses using a large number 
of ground motion records were conducted to establish a simple model for transforming the SA to 
the SV. The results of the proposed model are found to agree very well with those obtained from 
actual seismic motion records. This study promotes the accurate conversion from SA to SV and is 
particularly useful for the seismic design of structures equipped with velocity-dependent 
dampers.

1. Introduction

In the seismic design of structures that incorporate supplementary velocity-dependent dampers, it is essential to utilize the velocity 
response spectrum (SV) to compute the maximal relative velocity values across the ends of dampers and establish their corresponding 
design forces (FEMA-450) [1]. In addition, the SV is also crucial for seismic analysis of structures with nonproportional damping in the 
context of the complex mode response spectrum method [2,3]. However, many seismic codes, e.g., the Eurocode 8 [4] and ASCE/SEI7- 
10 [5], only provide the displacement response spectrum (SD) or pseudo acceleration response spectrum (PSA) as the seismic design 
load. The SV can be approximated using the pseudo-velocity response spectrum (PSVSD) that is obtained from the SD using the well- 
known approximated relationship PSVSD = ωSD. However, the validity of this approximation has been noted to be limited to the 
intermediate-period range, and the error is significant for short and long periods. Therefore, many studies [6–15] have discussed the 
conversion formulas from SD (or PSA) to SV. For example, Liu et al. [15] proposed a conversion model from SD (or PSA) to SV, 
considering the effects of magnitude, distance, and site class, based on a large number of real ground motion records.

Different from Eurocode 8 and ASCE/SEI7-10, many seismic codes, such as the Chinese seismic code GB50011–2010 [16] and the 
Japanese Building Standard [17], only provide the acceleration response spectrum (SA) as the seismic design load. The SV can also be 
approximated using the pseudo-velocity response spectrum (PSV) that is obtained from the SA using the approximated relationship 
SV ≈ PSV = SA/ω. Similarly, the error of this approximation is found to be significant for short and long periods. In addition, Zhang 
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and Zhao [18] and Hang et al. [19] have demonstrated that SA is significantly different from PSA, particularly when the structural 
damping ratio is large and the structural period is long. Therefore, using the current conversion models of PSA (or SD) to SV developed 
previously [15] is also not feasible for converting SA to SV.

The objective of this paper is to establish a model that enables the conversion of the SA to the SV. The remainder of this article is 
structured in the following manner. In Section 2, a theoretical equation was proposed to connect SA and SV based on random vibration 
theory (RVT). Based on the derived theoretical equation, a systematic investigation and clarification of the relationship between SA 
and SV is conducted, in Section 3. In Section 4, a model was established to convert SA to SV based on regression analysis of a large 
number of ground motion records. In Section 5, the conclusions are given.

2. Theoretical equation connecting SA and SV

To obtain a conversion model from SA to SV, it is necessary to understand the relationship between the two spectra and find 
controlling parameters that need to be incorporated into the model. For this purpose, a theoretical approach between SA and SV 
explicitly including various structural and seismological parameters is desirable. Such an approach allows a systematic investigation of 
each single parameter’s effects on the SA-SV relationship by constraining all other parameters. Moreover, a theoretical approach not 
only can analyze superficial phenomena but also provide a more in-depth analysis of influencing factors (as conducted in Section 3.2).

2.1. Theoretical derivation

In this section, a theoretical equation connecting SA and SV is derived based on RVT. The RVT method states that the peak value of a 
signal can be obtained by multiplying its root mean square (rms) value with an estimated peak factor. Under this principle, Boore [20]
developed an equation to calculate the SD of earthquake ground motion, which is formulated as follows: 

SD(ω, ξ) = pfrd

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1

Drmsπ

∫ ∞

0
|Y(ω)Hd(ω,ω, ξ) |2

√

dω (1) 

in which, pfrd and the square root part of Eq. (1) represent the peak factor and rms value of the displacement response of the single- 
degree-of-freedom (SDOF) oscillator, respectively; ω and ξ correspond to the circular frequency and damping ratio of the SDOF 
oscillator; Drms represent the rms duration for the oscillator response; |Y(ω)Hd(ω,ω, ξ) | represents the Fourier amplitude spectrum 
(FAS) of the oscillator displacement response, which is obtained by multiplying the FAS of the ground acceleration, Y(ω), with the 
oscillator transfer function for the relative displacement response, |Hd(ω,ω, ξ) |, 

|Hd(ω,ω, ξ) | =
1

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(2ξωω)
2

√

+ (ω2 − ω2)
2

(2) 

in which, ω is the circular frequency of FAS. It is essential to distinguish between the oscillator circular frequency ω and the circular 
frequency of FAS ω.

To calculate the SD, it is necessary to ascertain the oscillator-response peak factor. Numerous models have been developed to 
determine peak factors for RVT analyses [21–23]. Despite the widespread utilization of the Cartwright and Longuet-Higgins [21]
model in engineering seismology and site-response analyses [24], the Vanmarcke [23] model offers superior capabilities for estimating 
the peak factor [25]. According to the Vanmarcke [23] model, the cumulative distribution function (CDF) of the oscillator response 
peak factor, pfrd, can be obtained by: 

P(pfrd < r) =
[
1 − e(− r2/2)

]
× exp

⎡

⎣ − 2fzexp
(
− r2/2

)
D

(
1 − e− δ1.2r

̅̅̅̅̅
π/2

√ )

(1 − er2/2)

⎤

⎦ (3) 

where, D represents the duration of ground motion, which is different from Drms representing the rms duration for the oscillator 
response. δ denotes the bandwidth factor of the oscillator response FAS, it can be expressed as: 

δ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 −
m2

1

m0m2

√

(4) 

in which, m0, m1, and m2 represent the zeroth-, first-, and second-order moments of the oscillator response FAS correspondingly, and 
the nth-order spectral moment is defined as follows: 

mn =
1
π

∫ ∞

0
ωn|Y(ω)Hd(ω,ω, ξ) |2dω (5) 

fz appearing in Eq. (3) represents the rate of zero crossing, which is defined as follows: 
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fz =
1
2π

̅̅̅̅̅̅
m2

m0

√

(6) 

Based on the principles of RVT, it can be easily known that the SA is equivalent to the oscillator-response peak factor multiplied by 
the rms value of the oscillator acceleration response, 

SA(ω, ξ) = pfra

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1

Drmsπ

∫ ∞

0
|Y(ω)Ha(ω,ω, ξ) |2

√

dω (7) 

in which, pfra and the square root part of Eq. (7) represent the peak factor and rms value of the oscillator acceleration response, 
respectively; |Y(ω)Ha(ω,ω, ξ) | represents the FAS of the oscillator acceleration response, which is obtained by multiplying the FAS of 
the ground acceleration, Y(ω), with the oscillator transfer function for the absolute acceleration response, |Ha(ω,ω, ξ) |, 

|Ha(ω,ω, ξ) | =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
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Similarly, SV is equal to the rms value of the oscillator velocity response multiplied by the oscillator-response peak factor, 

SV(ω, ξ) = pfrv

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1

Drmsπ

∫ ∞

0
|Y(ω)Hv(ω,ω, ξ) |2

√

dω (9) 

in which, pfrv and the square root part of Eq. (9) represent the peak factor and rms value of the oscillator velocity response, respectively; 
|Y(ω)Hv(ω,ω, ξ) | represents the FAS of the oscillator velocity response, which is obtained by multiplying the FAS of the ground ac-
celeration, Y(ω), with the oscillator transfer function for the relative velocity response, |Hv(ω,ω, ξ) |, 

|Hv(ω,ω, ξ) | =
ω

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(2ξωω)
2

√

+ (ω2 − ω2)
2

(10) 

Then, the relationship between SA and SV can be expressed in the form of SV/SA, which can be obtained by dividing Eq. (9) by Eq. 
(7), 

SV
SA

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∫∞

0 |Y(ω)Hv(ω,ω, ξ) |2dω
∫∞

0 |Y(ω)Ha(ω,ω, ξ) |2dω

√
√
√
√ ×

pfrv

pfra
(11) 

The oscillator-response peak factors for SA and SV can be obtained using Eq. (3) just by replacing the |Y(ω)Hd(ω,ω, ξ) | in Eq. (5)
with |Y(ω)Ha(ω,ω, ξ) | and |Y(ω)Hv(ω,ω, ξ) |, respectively. As to the rms duration Drms, only the equation for SD has been discussed 
previously [26], and those for SA and SV have never been discussed. In this study, for the sake of simplicity, it is assumed that the rms 
durations for SA and SV are the same as that for SD, which can be found reasonably in the following section. Therefore, the rms 
duration Drms disappears in Eq. (11).

Since it is traditionally considered that SV and PSV are similar, this study discusses the relationship between SV and SA by 
investigating the ratio of SV to PSV, which is expressed as, 

SV(ω, ξ)
PSV(ω, ξ)

=
SV

SA/ω =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∫∞

0 |Y(ω)Hv(ω,ω, ξ) |2dω
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0 |Y(ω)Hpv(ω,ω, ξ) |2dω

√
√
√
√ ×

pfrv
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(12) 

in which, |Hpv(ω,ω, ξ) | is the absolute value of the oscillator transfer function for the PSV, 

|Hpν(ω,ω, ξ) | =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(2ξω/ω)
2

√

+ 1
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(2ξω)
2
+ (ω2/ω − ω

√

)
2

(13) 

When applying Eq. (12) to determine SV/PSV, it is also necessary to determine the FAS of the ground acceleration. This study 
adopted the FAS model proposed by Boore [20] based on the point source theory using various sources, paths, and site parameters. The 
details of this model can be found in Boore [20] and Zhang and Zhao [27]. The required information regarding various seismological 
parameters can be found in Boore and Thompson [26], Wang and Rathje [25], and Zhang and Zhao [18]. In addition, Eq. (12) can be 

decomposed into two terms: the first term (i.e. 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅∫∞

0 |Y(ω)Hv(ω,ω, ξ) |2dω
√

/

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅∫∞
0 |Y(ω)Hpv(ω,ω, ξ) |2dω

√

) is the ratio of the oscillator- 
response rms values of SV and PSV, denoted as Rrms; The second term (i.e. Pfrv /Pfra) is the ratio of the oscillator-response peak fac-
tor between SV and PSV, denoted as Rpf.
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2.2. Comparison with time-series analysis

To investigate the accuracy of the proposed theoretical equation, its predicted results were compared to those obtained from 
traditional time-series analysis. The calculations encompass a broad range of the structural parameters, i.e., oscillator periods T, range 
from 0.03 to 10 s, damping ratios ξ, range from 5% to 50%, as well as seismological parameters such as moment magnitude M, range 

Fig. 1. Comparison of the average FAS of the generated time series with the FAS from the point-source model for the cases of M = 4 and R = 50 km.

Fig. 2. Comparison between SV/PSV results of proposed approach and time-series analysis, considering various moment magnitudes for cases with 
(a) ξ = 5% and R = 50 km, (b) ξ = 20% and R = 50 km, (c) ξ = 50% and R = 50 km, (d) ξ = 5% and R = 200 km, (e) ξ = 20% and R = 200 km, and 
(f) ξ = 50% and R = 200 km. The solid lines represent the results from the proposed approach; the dashed lines represent the results from the time- 
series analysis.
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from 4 to 8, and site-to-source distance R, range from 20 to 200 km. The time series used for comparison are generated from the FAS 
using the Stochastic-Method SIMulation [28] program. For each FAS, a set of 100 time-series accelerations is generated through 
stochastic simulation [29]; the average FAS of the generated time series is matched with the provided FAS from the point-source model 
[20]. The average FAS of the generated time series is compared with the FAS from the point-source model for the cases of M = 4 and R 
= 50 km in Fig. 1. Subsequently, the values of SV/PSV for every generated time series are computed utilizing the direct integration 
method proposed by Nigam and Jennings [30]. For each FAS, the 100 corresponding results of SV/PSV for a provided damping level 
are averaged and compared with those acquired from the proposed theoretical equation. Some of these representative comparative 
results were selected and presented in Figs. 2–4.

The presented figures indicate that, although in some cases the results obtained from the proposed theoretical equations are not 
entirely consistent with those obtained by time series analysis, the level of consistency is high for most cases. The average relative error 
decreases as the damping ratio increases. For a damping ratio of 5% (Fig. 2(a) and (d)), the average relative error remains around 20% 
within the period range of 0.05 to 10 s. However, as the damping ratio increases to 50%, it can decrease to only about 2% (Fig. 2(c) and 
(f)). The good agreement between the proposed theoretical equation and the time series analysis not only validates the accuracy of the 
proposed theoretical equation but also supports the reasonable assumption in Section 2.1 that the rms durations for SA and SV are the 
same as SD.

3. Relationship between SV and SA based on the derived theoretical equation

3.1. Relationship between SV and SA

This section investigates the relationship between SV and SA based on the theoretical equation derived in the previous section. It 
can be found in Figs. 2–4 that SV/PSV is dependent on the oscillator period. The SV/PSV values are smaller than unity at short oscillator 
periods, they increase with the increasing oscillator period. The SV/PSV values are close to unity at the intermediate period range, and 
they may be larger than unity at longer oscillator periods. That indicates that the values of SV are smaller than that of PSV at short 
oscillator periods, and SV increases relative to the PSV with the increasing oscillator period and may be larger than PSV at longer 
oscillator periods. In addition, the SV/PSV is dependent on the damping ratio, its values decrease with the increasing damping ratio 
(Fig. 4). Moreover, the SV/PSV is dependent on the moment magnitude, its values decrease with the increasing moment magnitude at 

Fig. 3. Comparison between SV/PSV results of proposed approach and time-series analysis considering different site-to-source distances for cases 
with (a) ξ = 5% and M = 4, (b) ξ = 20% and M = 4, (c) ξ = 50% and M = 4, (d) ξ = 5% and M = 8, (e) ξ = 20% and M = 8, and (f) ξ = 50% and M =
8. The solid lines represent the results from the proposed approach; the dashed lines represent the results from the time-series analysis.
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most oscillator periods (Fig. 2). However, the difference between SV and PSV does not significantly change with the site-to-source 
distance, the relationship between SV and PSV is nearly not influenced by site-to-source distance (Fig. 3).

3.2. Explanation

To explain the phenomenon observed in Section 3.1, the results of Rrms and Rpf in Eq. (12) are calculated and shown in Figs. 5 and 6, 
respectively. By comparing Fig. 5 and Fig. 2, it is clear that the results of Rrms have a high degree of similarity with those of SV/PSV. 
Fig. 6 shows that the results of Rpf are close to unity. These indicate that the trend of SV/PSV is primarily determined by Rrms, which can 
facilitate an explanation of the observed relationship based on Rrms.

The Rrms is derived from the squared ratio of 
∫∞

0 |Y(ω)Hν(ω,ω, ξ) |2dω to 
∫∞

0 |Y(ω)HpνSA(ω,ω, ξ) |2dω, the 
∫∞

0 |Y(ω)Hν(ω,ω, ξ) |2dω 
on the numerator and the 

∫∞
0 |Y(ω)HpνSA(ω,ω, ξ) |2dω on the denominator can be regarded as the areas of the square of the oscillator- 

response FAS for the SV and PSV, respectively. When the areas for SV and PSV are close, it means that SV/PSV is close to unity, while 
when the area for SV is greater than or smaller than that for PSV, it means that SV/PSV is larger or smaller than unity, respectively. 
Based on Eq. (12), it becomes evident that the discrepancy between the two areas (i.e., two spectra) arises from the discrepancy in the 
oscillator transfer functions. The values of oscillator transfer functions are represented in Figs. 7, 8, and 9. In these figures, T0 rep-
resents the period of FAS corresponding to ω (T0 = 2π/ω).

From Fig. 7, it can be observed that |Hν(ω,ω, ξ) | is similar to |HpνSA(ω,ω, ξ) | around the oscillator period T. However, at the periods 
range of T0 ＜ T, |Hν(ω,ω, ξ) | ＞ |HpνSA(ω,ω, ξ) |; at the periods range of T0 ＞ T, |Hν(ω,ω, ξ) | ＜ |HpνSA(ω,ω, ξ) |. Based on the 
characteristics of |Hν(ω,ω, ξ) | and |HpνSA(ω,ω, ξ) |, the trends of SV/PSV with variation in the oscillator period and damping ratio can 
be clearly explained. Fig. 8 indicates that when T is short, the period range of T0 ＞ T is wide, in which |HpνSA(ω,ω, ξ) | ＞ |Hν(ω,ω, ξ) |. 
Hence, the area for PSV is larger than that for SV. Therefore, SV/PSV is smaller than unity at short oscillator periods, indicating that 
PSV is larger than SV. As T is increased, the period range of T0 ＜ T increases, in which |HpνSA(ω,ω, ξ) | ＜ |Hν(ω,ω, ξ) |. Hence, the area 
for PSV decreases relative to that for SV. Therefore, SV/PSV increases with the increasing oscillator period. When T is increased to some 
extent, the areas for PSV and SV are similar. Therefore, SV/PSV is close to unity at intermediate oscillator periods, indicating that SV 
and PSV are similar. When T is further increased, the area for PSV may be smaller than that for SV. Therefore, SV/PSV may be larger 
than unity at long oscillator periods, indicating that SV may be larger than PSV. Fig. 9 indicates that as the damping ratio increases, 
|HpνSA(ω,ω, ξ) | increases and approaches to |Hν(ω,ω, ξ) | at the period range of T0 ＜ T, while it remains nearly unchanged at the 
period range of T0 ＞ T. Hence, the area for PSV relative to that for SV increases with the increasing damping ratio. Therefore, SV/PSV 

Fig. 4. Comparison between SV/PSV results of the proposed approach and time-series analysis considering different damping ratios for cases with 
(a) M = 4 and R = 50 km, (b) M = 8 and R = 50 km, (c) M = 4 and R = 200 km, and (d) M = 8 and R = 200 km. The solid lines represent the results 
from the proposed approach; the dashed lines represent the results from the time-series analysis.

Z. Liu et al.                                                                                                                                                                                                              



Mechanical Systems and Signal Processing 223 (2025) 111909

7

decreases with the increasing damping ratio.
According to Eq. (5), it is known that the moment magnitude and site-to-source distance influence the variation trend of SV/PSV by 

changing the FAS. Since FAS affects both the numerator and denominator of the Rrms, what truly affects SV/PSV is its relative value at 
different periods, rather than its absolute value. Fig. 10 indicates that as the moment magnitude and site-to-source distance increase, 
the long-period components relatively increase. The values of FAS exhibit a faster increase at long periods compared to short periods 
(Fig. 10(a)), and it experiences a faster decrease at short periods compared to short periods (Fig. 10(b)). Because |HpνSA(ω,ω, ξ) | ＞ 
|Hν(ω,ω, ξ) | at long periods, the area for PSV increases relative to that for SV with increasing moment magnitude and site-to-source 
distance. Therefore, SV/PSV decreases with increasing moment magnitude and site-to-source distance. Moreover, the variation in the 
frequency content with the site-to-source distance is not significant compared to that with moment magnitude (Fig. 10). Therefore, SV/ 

Fig. 5. Values of rms ratio Rrms for cases with (a) ξ = 5% and R = 50 km, (b) ξ = 20% and R = 50 km, (c) ξ = 50% and R = 50 km, (d) ξ = 5% and R 
= 200 km, (e) ξ = 20% and R = 200 km, and (f) ξ = 50% and R = 200 km.

Fig. 6. Values of peak-factor ratio Rpf for all cases in Fig. 2.
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PSV does not significantly change with the site-to-source distance.

4. Conversion model from SA to SV

4.1. Relationship between SA and SV based on statistical analysis

To confirm the conclusions derived theoretically, a statistical analysis of the relationship between SA and SV was conducted based 
on a large number of ground motion records. For this purpose, a total of 16,660 horizontal acceleration time histories (8330 seismic 
ground motions) were collected from the strong-motion seismograph networks (K-NET and KiK-net) of Japan [31–33], which includes 
a wide range of magnitude M (4–9), epicenter distance R (10–200 km), and site class (classes B, C, D, and E). This paper does not 
include site class A, because there are few sites belonging to this site class in K-NET and KiK-net. In addition, the hypocenter depth of 
the chosen seismic data ranges from 0 km to 196 km [34]. The selected earthquakes include both interplate (e.g., 2003 Tokachi 
earthquake and 2011 off the Pacific coast of Tohoku earthquake) and intraplate earthquakes (e.g., 2000 Tottori earthquake, 2004 
Chuetsu earthquake, 2016 Kumamoto earthquakes, and 2018 Hokkaido Eastern Iburi earthquake). The collected records in each site 
class are classified into three groups based on magnitude M: 4 ≤ M ＜ 5.5, 5 ≤ M ＜ 6.5, and M ≥ 6.5. Each group is further divided into 
three subgroups based on the epicenter distance R: 10 ≤ R ＜ 50 km, 50 ≤ R ＜ 100 km, and 100 ≤ R ≤ 200 km. There are 36 groups, the 
details of which can be found in Hang et al. [19] and Zhang and Zhao [33].

Additionally, a baseline adjustment is applied to all records to remove long-period noise. Ideally, each ground motion record should 
also be processed to filter out frequencies with unacceptable low signal-to-noise ratios and used only within the available frequency 

Fig. 7. Comparison of oscillator transfer functions for SV and PSV.

Fig. 8. Variation in oscillator transfer functions for SV and PSV with oscillator period.
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Fig. 9. Variation in oscillator transfer functions for SV and PSV with damping ratio.

Fig. 10. Effects of (a) moment magnitude and (b) site-to-source distance on FAS.

Fig. 11. Comparison between the SV/PSV results with and without processing the ground motion records.
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range. However, since this study focuses on the SV/PSV ratio, it is assumed that the noise present in both SV and PSV can be negated 
through the calculation of this ratio. To validate this assumption, a comparison was made between the SV/PSV results with and without 
processing the ground motion records, as shown in Fig. 11. The group with the smallest magnitudes (4 ≤ M ＜ 5.5) and the largest 
distances (100 ≤ R ≤ 200 km) in site class C, which may be mostly affected by noise, were selected for the comparison. The automatic 
P-phase arrival-time picker developed by Kalkan [35] was used to identify the noise window, and the method by Bahrampouri et al. 
[36] was employed to filter out frequencies with unacceptable low signal-to-noise ratios. As observed in Fig. 11, there is no significant 
difference between the SV/PSV results with and without the ground motion records being processed, particularly within the first 6 s. 
The average relative difference between the two within this period is only 5.9%. Thus, filtering out frequencies with unacceptable low 

Fig. 12. SV/PSV with different damping ratios in Class B.

Fig. 13. SV/PSV with different damping ratios in Class E.

Fig. 14. SV/PSV with different magnitudes in Class B.
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signal-to-noise ratios has no significant impact on the SV/PSV ratio. Consequently, ground motion records were not processed further, 
except for the baseline adjustment.

The SV and PSV of the collected records are calculated considering oscillator periods ranging from 0.01 s to 10 s (interval 0.01 s) 
and damping ratios of 5%, 10%, 20%, 30%, 40%, and 50%. The considered oscillator periods and damping ratios are similar to those 
discussed in Section 2.2. Then, the results of SV/PSV for each group are averaged, and some of them are selected as representatives and 
presented in Figs. 12–20. Figs. 12 and 13 present the results of SV/PSV with different damping ratios in site classes B and E, 
respectively. Figs. 14 and 15 compare the results of SV/PSV with different magnitudes in site classes B and E, respectively. Figs. 16 and 
17 compare the results of SV/PSV with different epicenter distances in site classes B and E, respectively. Figs. 18, 19, and 20 compare 

Fig. 15. SV/PSV with different magnitudes in Class E.

Fig. 16. SV/PSV with different distances in Class B.

Fig. 17. SV/PSV with different distances in Class E.

Z. Liu et al.                                                                                                                                                                                                              



Mechanical Systems and Signal Processing 223 (2025) 111909

12

the results of SV/PSV in different site classes. It can be observed from these figures that the variation trend of SV/PSV with the oscillator 
period is consistent with that based on the theoretical equation. The SV and PSV are similar at the intermediate period range, and the 
SV is smaller than PSV at short oscillator periods, and larger than PSV at longer oscillator periods. In addition, the variation trends of 
the SV/PSV with damping ratio, magnitude, and epicenter distance, are consistent with those derived theoretically in section 2.2.

The site effects on SV/PSV are not discussed in Section 2, because the proposed theoretical relationship does not involve the site 
class term. Figs. 18, 19, and 20 show that the SV/PSV is also influenced by site class. The SV/PSV gradually decreases as the site class 
varies from B to E at short oscillator periods, while SV/PSV is nearly constant with the variation of site class at long oscillator periods. 
This means that the difference between SV and PSV increases as the site varies from hard rock to soft soil at short oscillator periods.

Fig. 18. SV/PSV in different site classes for magnitudes of 4 ≤ M ＜ 5.5.

Fig. 19. SV/PSV in different site classes for magnitudes of 5 ≤ M ＜ 6.5.

Fig. 20. SV/PSV in different site classes for magnitudes of M ≥ 6.5.
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4.2. Proposed model

To establish a simple model for transforming the SA to the SV, regression analysis is conducted based on the selected ground motion 
records. Because the SV/PSV performs differently before and after around a period of 0.1 s, T = 0.1 s was chosen as the dividing point. 
Numerous functional forms were explored to match the SV/PSV values. Ultimately, considering a balance between accuracy and 
simplicity, a simple SV/PSV model was proposed as follows: 

SV
/
PSVSA =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

a
(

T
0.1

)b

T ≤ 0.1

a
(

T
0.1

)(cln(T)+d )

T > 0.1

(14) 

in which a, b, c, and d are coefficients regressed nonlinearly based on the least squares method. The values of b in different sites are 
shown in Table 1. The regression coefficients a, c, and d are found to be related to magnitude, distance, site class, and damping ratio. 
However, due to the lack of specific information about magnitude and distance in the seismic code, it needs to determine a coefficient 
to represent the impact of these seismological parameters, and this parameter can be derived from the seismic code. Zhang and Zhao 
[34] introduced a response spectrum shape coefficient to represent the impact of these seismological parameters. By conducting a 
correlation analysis, it is found that the response spectrum shape coefficient has a good positive correlation with magnitudes and 

Table 1 
Values of regression coefficients in Eqs. (14) – (17).

B C D E

b 0.65 0.75 0.85 0.95
e1 1.18 0.91 0.83 0.57
e2 − 0.77 − 0.73 − 0.64 − 0.53
e3 0.01 0.05 0.04 0.06
f1 − 0.45 − 0.28 − 0.36 − 0.36
f2 0.37 0.23 0.29 0.29
f3 − 0.07 − 0.05 − 0.06 − 0.05
f4 4.26 2.43 2.98 2.79
f5 − 3.41 − 1.96 − 2.32 − 2.12
f6 0.67 0.39 0.43 0.39
f7 − 9.07 − 4.31 − 4.92 − 4.03
f8 7.20 3.37 3.73 2.93
f9 − 1.40 − 0.66 − 0.69 − 0.54
g1 0.96 0.64 0.86 0.78
g2 − 0.74 − 0.51 − 0.64 − 0.59
g3 0.13 0.10 0.10 0.10
g4 − 7.99 − 4.67 − 6.25 − 5.07
g5 5.99 3.55 4.43 3.68
g6 − 0.98 − 0.65 − 0.62 − 0.59
g7 15.04 6.51 9.05 5.78
g8 − 11.30 − 4.93 − 6.26 − 4.15
g9 1.92 1.08 1.00 0.97

Fig. 21. Comparison of the results of a, c, and d obtained by Eqs. (15) – (17) with those derived from actual ground motion records using the SV/ 
PSV model expressed by Eq. (14). The circles represent results from actual ground motion records; the lines represent results from Eqs. (15) – (17).
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distances in each site class. However, when the correlation analysis is performed by mixing the results of all the site classes, corre-
lations between the response spectrum shape coefficient with magnitudes and distances become poor. Therefore, the coefficients a, c, 
and d were regressed separately for each site class. The expressions for regression coefficients a, c, and d are constructed using the 
coefficient s, as follows: 

a = e1 + e2ξ0.5 + e3s (15) 

Fig. 22. Comparison of the SV/PSV results obtained by the proposed model with those of ground motion records and a previous model considering a 
damping ratio of 5% in Class B for magnitudes of (a) 10 ≤ R ＜ 50 km, (b) 50 ≤ R ＜ 100 km, (c) 100 ≤ R ≤ 200 km. The solid lines represent the 
results from the proposed approach; the dashed lines represent the results from actual ground motion records; the dash-dot lines represent the 
results obtained from the hybrid model combining Liu et al. [15] and Hang et al. [19].

Fig. 23. Comparison of the SV/PSV results obtained by the proposed model and those of ground motion records considering a damping ratio of 20% 
in Class B for magnitudes of (a) 10 ≤ R ＜ 50 km, (b) 50 ≤ R ＜ 100 km, (c) 100 ≤ R ≤ 200 km.
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Fig. 24. Comparison of the SV/PSV results obtained by the proposed model and those of ground motion records considering a damping ratio of 50% 
in Class B for magnitudes of (a) 10 ≤ R ＜ 50 km, (b) 50 ≤ R ＜ 100 km, (c) 100 ≤ R ≤ 200 km.

Fig. 25. Comparison of the SV/PSV results obtained by the proposed model and those of ground motion records considering a damping ratio of 5% 
in Class C for magnitudes of (a) 10 ≤ R ＜ 50 km, (b) 50 ≤ R ＜ 100 km, (c) 100 ≤ R ≤ 200 km.

Fig. 26. Comparison of the SV/PSV results obtained by the proposed model and those of ground motion records considering a damping ratio of 20% 
in Class C for magnitudes of (a) 10 ≤ R ＜ 50 km, (b) 50 ≤ R ＜ 100 km, (c) 100 ≤ R ≤ 200 km.
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Fig. 27. Comparison of the SV/PSV results obtained by the proposed model and those of ground motion records considering a damping ratio of 50% 
in Class C for magnitudes of (a) 10 ≤ R ＜ 50 km, (b) 50 ≤ R ＜ 100 km, (c) 100 ≤ R ≤ 200 km.

Fig. 28. Comparison of the SV/PSV results obtained by the proposed model and those of ground motion records considering a damping ratio of 5% 
in Class D for magnitudes of (a) 10 ≤ R ＜ 50 km, (b) 50 ≤ R ＜ 100 km, (c) 100 ≤ R ≤ 200 km.

Fig. 29. Comparison of the SV/PSV results obtained by the proposed model and those of ground motion records considering a damping ratio of 20% 
in Class D for magnitudes of (a) 10 ≤ R ＜ 50 km, (b) 50 ≤ R ＜ 100 km, (c) 100 ≤ R ≤ 200 km.
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Fig. 30. Comparison of the SV/PSV results obtained by the proposed model and those of ground motion records considering a damping ratio of 50% 
in Class D for magnitudes of (a) 10 ≤ R ＜ 50 km, (b) 50 ≤ R ＜ 100 km, (c) 100 ≤ R ≤ 200 km.

Fig. 31. Comparison of the SV/PSV results obtained by the proposed model and those of ground motion records considering a damping ratio of 5% 
in Class E for magnitudes of (a) 10 ≤ R ＜ 50 km, (b) 50 ≤ R ＜ 100 km, (c) 100 ≤ R ≤ 200 km.

Fig. 32. Comparison of the SV/PSV results obtained by the proposed model and those of ground motion records considering a damping ratio of 20% 
in Class E for magnitudes of (a) 10 ≤ R ＜ 50 km, (b) 50 ≤ R ＜ 100 km, (c) 100 ≤ R ≤ 200 km.
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c = (f1ξ2 + f2ξ + f3)s2 +(f4ξ2 + f5ξ + f6)s+(f7ξ2 + f8ξ + f9) (16) 

d = (g1ξ2 + g2ξ + g3)s2 +(g4ξ2 + g5ξ + g6)s+(g7ξ2 + g8ξ + g9) (17) 

where e1 – e3, f1 – f9, and g1 – g9, are coefficients regressed nonlinearly based on the least squares method, they depend on site classes, as 
listed in Table 1. Fig. 21 compares the results of a, c, and d obtained by Eqs. (15) – (17) with those derived from actual ground motion 
records using the SV/PSV model expressed by Eq. (14). The s is the response spectrum shape coefficient, which is expressed as: 

s = ln
(

SA(6s)
PGA

)

(18) 

in which, SA(6s) and PGA are the values of SA at 6 s and 0 s, respectively. As can be seen from Eq. (18), the coefficient s can be easily 
derived from the SA specified in the seismic code.

4.3. Comparison between the proposed model and measured values

To investigate the accuracy of the proposed model for transforming SA to SV, its predicted results were compared with values of 
actual ground motion records. The results with damping ratios of 5%, 20%, and 50% in different classes are selected as representative, 
as shown in Figs. 22–33. It can be found that the results of the proposed model agree very well with those obtained from actual ground 
motion records. The coefficient of determination R2 is used to evaluate the agreement of the results, and the closer it is to 1, the higher 
the agreement of the results. The R2 calculated in this paper can be greater than 0.97. In addition, the agreement of the proposed model 
increases with the increase of the damping ratio. The average relative error at 0.01–10 s is around 17% for cases with a damping ratio 
of 5%, while it decreases to only about 1.4% when the damping ratio increases to 50%. The results of other damping ratios not shown, 
such as 10%, 30%, and 40%, also have a high degree of agreement. The proposed model for transforming SA to SV applies to the 
Japanese region, and its applicability to other regions has not been discussed in this paper and will be further studied in future work.

In addition, the proposed model for transforming SA to SV was compared with a previous model. Although there is no direct 
conversion model from SA to SV, a combination of the SA/PSA model of Hang et al. [19] and the SV/PSVSD model of Liu et al. [15] can 
be used to convert SA to SV. Representative results of SV/PSV by the hybrid model are shown in Fig. 22. The accuracy of the hybrid 
model (Fig. 22(d) – (f)) is significantly lower than that of the proposed model (Fig. 22(a) – (c)), especially for the cases with moderate 
and large magnitudes. For example, the average relative error of the hybrid model at 0.01–6 s is 43.17% for the moderate magnitude 
case in Fig. 22(e), whereas the proposed model shows an average relative error of only 14.35% for the corresponding case in Fig. 22(b). 
For the large magnitude case in Fig. 22(f), the hybrid model’s average relative error at 0.01–6 s is 15.7%, while the proposed model’s 
average relative error is only 3.32% for the corresponding case in Fig. 22(c). More importantly, SA/PSA model by Hang et al. [19] is 
impractical for structural analysis because it requires information on magnitude and distance, which are not typically provided in 
seismic codes. Although the calculations presented in Fig. 22 assume that this information is known, the hybrid model is considered not 
feasible for practical applications at the present stage.

5. Conclusions

This study developed a theoretical equation to systematically investigate structural and seismological parameters’ effects on the 
SA-SV relationship, based on random vibration theory. The theoretical conclusions were confirmed based on regression analysis of a 
large number of ground motion records, and a model to convert SA to SV was established based on this analysis. The main conclusions 
of this study can be briefly summarized as follows:

Fig. 33. Comparison of the SV/PSV results obtained by the proposed model and those of ground motion records considering a damping ratio of 50% 
in Class E for magnitudes of (a) 10 ≤ R ＜ 50 km, (b) 50 ≤ R ＜ 100 km, (c) 100 ≤ R ≤ 200 km.
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(1) The comparison of the SV/PSV results of the proposed theoretical equation with those of traditional time series analysis shows 
that the equation is valid and has a high degree of agreement.

(2) The relationship between SA and SV is dependent on the oscillator period, damping ratio, magnitude, and distance. The SV and 
PSV are similar in the intermediate period range. The SV is smaller than PSV at short oscillator periods, while may be larger than PSV at 
longer oscillator periods. The difference between SV and PSV decreases with the increasing damping ratio, and it decreases with the 
increasing moment magnitude at most oscillator periods. In addition, the relationship between SV and PSV is not significantly 
influenced by distance.

(3) The difference between SV and PSV increases as the site varies from hard rock to soft soil at short oscillator periods, while it is 
nearly constant at long oscillator periods.

(4) The proposed simple SV/PSV model is confirmed to have good accuracy for a wide range of periods, damping ratios, magni-
tudes, and distances by comparing its results with the values of actual ground motion records.
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