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Abstract
With the rapid development of energy-based seismic design, probabilistic seismic
hazard analysis (PSHA) in terms of the input energy spectrum, EI, has become
increasingly important. Generally, implementing EI-based PSHA requires a ground-
motion prediction equation (GMPE) for EI. However, although a GMPE for EI can be
constructed in regions with abundant earthquake data based on regression analyses,
it is difficult to obtain in regions lacking strong ground-motion records. Therefore,
this study proposes a new approach for performing EI-based PSHA in regions with
limited earthquake data. Instead of using a GMPE for EI directly, a model of Fourier
amplitude spectrum (FAS) is adopted, which can be determined using a small
number of earthquake data with small-to-moderate magnitudes. Then, the EI of the
ground motion is obtained from FAS based on the relationship between EI and FAS.
Furthermore, to calculate the annual intensity exceedance rate within the proposed
framework of adopting the FAS model, a highly efficient method, namely, the
moment method, is applied. Several numerical examples indicate that the proposed
approach not only is suitable for regions lacking strong ground-motion records but
also performs very efficiently in calculating the annual intensity exceedance rate.
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Introduction

Since the introduction of the energy concept in structural seismic designs by Housner
(1956), energy-based seismic design has become increasingly popular and has attracted the
attention of many researchers (Akiyama, 1985; Akiyama et al., 1993; Decanini and
Mollaioli, 1998, 2001; Kunnath and Chai, 2004; Kuwamura and Galambos, 1989;
Vahdani et al., 2019; Zhang et al., 2023a, 2023b). The energy-based seismic design is
advantageous over the traditional force- or displacement-based seismic design, because it
quantifies not only the maximum strength or displacement but also the cumulative hys-
teretic behavior of structures. The basic rule of the energy-based seismic design is to keep
the energy dissipation capacity of the structure larger than the earthquake energy demand.
Therefore, to perform an energy-based seismic design, it not only needs to estimate the
energy dissipation capacity of the structure but also needs to determine the earthquake
energy demand.

The hysteretic energy spectrum, EH, representing the energy dissipated by the cumula-
tive plastic deformation of a single-degree-of-freedom (SDOF) structure, is typically used
to characterize the earthquake energy demand for the energy-based seismic design. The
reason for using EH is that the energy dissipated through the cumulative plastic deforma-
tion truly contributes to the cumulative damage. The other portion of the earthquake
energy imparted into the structure, which is dissipated by the structural damping, does not
make a contribution to the cumulative damage. Nevertheless, many studies (Chai and
Fajfar, 2000; Chapman, 1999; Du et al., 2020; Kuwamura and Galambos, 1989) prefer to
first determine the input energy spectrum, EI, representing the total earthquake energy
imparted into an SDOF structure, and then obtain EH based on a hysteretic-to-input
energy ratio spectrum EH/EI. Because the EI is a more stable quantity determined primar-
ily by the ground motion as well as structural period and mass, and is typically uncoupled
with the energy dissipation capacity of the structure. Moreover, the EI is commonly
expressed in terms of the energy equivalent velocity spectrum, Veq, (Veq = (2EI/m)0.5) to
eliminate the effect of the structural mass m.

Similar to traditional ground-motion-intensity measures, for example, response spectra,
to determine the intensity of the Veq used for the energy-based seismic design, two
approaches are available: deterministic seismic hazard analysis (DSHA) or probabilistic
seismic hazard analysis (PSHA). DSHA is suitable when it is easy to identify the largest
controlling earthquake source from various sources capable of producing damaging
ground motions. Otherwise, it is advisable to use PSHA and take into account all earth-
quake sources capable of producing damaging ground motions (Baker, 2008). The perfor-
mance of the PSHA requires a ground-motion prediction equation (GMPE) for Veq to
estimate the Veq intensity on a site of interest caused by a specific earthquake source. In
principle, the GMPE for Veq can be derived by performing regression analysis over a data-
base of earthquake records at different sites in the considered region (Alıcı and Sucuoğlu,
2016, 2018; Chapman, 1999; Cheng et al., 2014, 2020; Chou and Uang, 2000; Gong and
Xie, 2005). However, many regions in the world, particularly the intra-plate regions across
the globe, have a paucity of recorded data although they are seismically active, and it is
difficult to generate reasonable GMPEs in these regions. Some studies (Tselentis et al.,
2010) directly used GMPEs for Veq from some other data-rich regions to perform a PSHA
in such regions. However, the selection of a specific GMPE from another region carries a
strong subjectivity aspect for the hazard analyst. More importantly, neglecting regional
seismological differences can often lead to an unrealistic estimation of ground motion
(Bora et al., 2014, 2015, 2016).
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This study aims to develop a new approach for performing the Veq-based PSHA in
regions with limited ground-motion records. Specifically, in contrast to directly using a
GMPE for Veq, a model of Fourier amplitude spectrum (FAS) is adopted. Since the trans-
mission of FAS is fully consistent with linear system theory (Bora et al., 2014, 2015, 2016),
the FAS model can be determined using a relatively small number of seismic records with
small-to-moderate magnitudes (Boore, 2018, 2020). Then, the Veq of the ground motion is
obtained based on the relationship between Veq and FAS. Subsequently, to calculate the
annual intensity exceedance rate within the proposed framework of adopting the FAS
model, a highly efficient method, namely, the moment method, is applied. The rest of this
paper is organized as follows. First, the FAS model and the method to estimate the
ground-motion Veq based on the relationship between Veq and FAS are introduced. Then,
an efficient method, namely, the moment method, to calculate the annual intensity excee-
dance rate is presented. Subsequently, some numerical examples applying the proposed
approach are conducted and compared with applying the traditional GMPE-based
approach. Finally, the conclusions of this study are summarized.

Estimation of the input energy spectrum based on a Fourier
amplitude spectral model

To perform a Veq-based PSHA in regions with a paucity of seismic records, it needs to
estimate Veq of ground motion on a site of interest from a specific earthquake source. For
this purpose, it is easy to think of adopting a GMPE of Veq obtained in data-rich regions.
However, since the GMPE for Veq can vary significantly in different regions due to
regional seismological differences, the application of GMPE for Veq from other regions
may lead to unreasonable results. Therefore, it needs to find another approach to estimate
the Veq of ground motion suitable for regions lacking seismic records. Since the transmis-
sion of FAS is fully consistent with linear system theory (Bora et al., 2014, 2015, 2016), an
FAS model can be determined using a relatively small number of seismic records with
small-to-moderate magnitudes (Boore, 2018, 2020). Therefore, in contrast to directly using
a GMPE of Veq, an FAS model is adopted, and the Veq of the ground motion is obtained
based on the relationship between Veq and FAS.

Estimation of input energy spectrum

This section presents a method for estimating the EI of the ground motion based on an
FAS model whose parameters can be determined using a small number of seismic records
(Boore, 2018, 2020). There are various FAS models; the simplest method involves using
seismology theory to compute the radiated FAS from a point source in terms of the vari-
ous source, path, and site parameters. This study utilizes the seismological point-source
theory to derive the FAS based on the description of Boore (2003). The point-source FAS
of the ground-motion acceleration, Y ( f ) (cm/s), is expressed as

Y ( f ) = ½0:78
p

rb3
M0

f 2

1 + (f =fc)2
�½Z(R)3exp(

�pfR

Q(f )b
)�½exp(� pk0f )A(f )� ð1Þ

where f is the frequency (Hz); r is the mass density of the crust (g/cm3); b is the shear-wave
velocity of the crust (km/s); R is the distance from the source (km); Z(R) is the geometric
attenuation; k0 is the site diminution (s); Q( f ) is the anelastic attenuation; A(f) is the crust
amplification; M0 is the seismic moment (dyne cm), which is related to the moment
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magnitude, M, as M0 = 101.5(M + 10.7); fc is the corner frequency given as fc = 4.9 3 106

b(Ds/M0)
1/3; and Ds is the stress drop (bars). This FAS model has been thoroughly inves-

tigated and verified using real seismic records (Atkinson and Boore, 2014; Boore, 2003)
and has been extensively used by numerous studies (Kottke and Rathje, 2013; Rathje and
Ozbey, 2006; Wang and Rathje, 2016; Zhang et al., 2023c; Zhang and Zhao, 2020, 2021,
2022; Zhao et al., 2023).

The values of these seismological parameters (Ds, k0, Z(R), Q(f), etc.) needed in
Equation 1 vary across different regions; they can be determined based on limited earth-
quake data recorded in the specific area of practical application (Boore et al., 2010; Boore
and Thompson, 2015). In the study of Boore (2015), the stress drop Ds was derived from
the inversion of an orientation-independent response spectra RotD50, as defined by Boore
(2010). Consequently, the corresponding FAS obtained by Equation 1 is compatible with
the RotD50 response spectrum. Goulet et al. (2018) also defined an orientation-
independent FAS. However, since this study focuses on the estimation of Veq, the stress
drop Ds should be derived to match an orientation-independent Veq. Given that most cur-
rent studies use the geometric mean of the two horizontal ground motion components
(Alıcı and Sucuoğlu, 2016, 2018), to be compatible with current studies, the stress para-
meter Ds should be derived from the inversion of the geometric mean Veq.

To incorporate rupture characteristics, which are particularly necessary for large-
magnitude earthquakes, stochastic finite-fault modeling can be employed in principle.
Applying the finite-fault model, a large fault can be subdivided into multiple subfaults
(Beresnev and Atkinson, 1998), and the ground motions originating from each of these
subfaults are computed using the point-source method and subsequently aggregated at the
observation point. Nevertheless, it is more convenient to capture the essential aspects of
motions from a finite fault in a single point-source simulation by the use of an appropriate
point-source distance, Rps. Boore (2009) introduced an effective point-source distance,
REFF, to modify the source-to-site distance R. The REFF has the disadvantage that it is
based on a specific source and site geometry. A more general version of Rps has been pro-
posed by Boore and Thompson (2015) and is expressed as

RPS =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
RUP + h2

q
ð2Þ

where RRUP is the rupture distance, and h is a finite-fault factor expressed as

log(h(M)) =
a1 + b1 M �Mt1ð Þ M<Mt1

c0 + c1(M �Mt1) + c2(M �Mt1)2 + c3(M �Mt1)3

a2 + b2 M �Mt2ð Þ M ø Mt2

8<
: Mt1\M\Mt2 ð3Þ

In Equation 3, a1, a2, b1, b2, c0–c3, Mt1, and Mt2 are coefficients that have been given in
Table 1 of Boore and Thompson (2015).

In addition, many studies have developed GMPEs for FAS in regions with both limited
and abundant earthquake data (Bayless and Abrahamson, 2018; Lavrentiadis et al., 2023).
Furthermore, Lavrentiadis and Abrahamson (2023) applied the FAS GMPE to construct
a GMPE for the response spectrum based on random vibration theory. In cases where a
nonergodic GMPE for FAS, such as the one of Lavrentiadis et al. (2023), has been well
constructed for the region of interest, it’s also feasible to utilize the FAS GMPE instead of
the aforementioned FAS model in this study. However, in regions without nonergodic
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FAS GMPEs, using an FAS model may be more convenient for regions with limited earth-
quake data. Because determining an FAS model requires significantly fewer earthquake
data and efforts compared to the construction of a GMPE for FAS. For example, Boore
(2015) determined the parameters of the FAS model only using eight earthquakes.

Then, to obtain EI of the ground motion from the FAS model, an equation connecting
the FAS and EI is desirable. Two previous studies have theoretically discussed the relation-
ship between the FAS and EI. Kuwamura et al. (1994) found that EI can be estimated with
a smoothed version of the FAS. Subsequently, Ordaz et al. (2003) derived a more explicit
and simple expression for estimating the EI from the FAS, which is expressed as,

EI (�v, j)

m
= � 1

p

ð‘
0

Y (v)j j2Re½Hv(�v, v, j)�dv ð4� 1Þ

where v is the circular frequency of the FAS (v = 2pf), �v is the circular frequency of a
single-degree-of-freedom (SDOF) oscillator, and j is the oscillator damping ratio.
Hv(�v, v, j) is the oscillator transfer function of the ground acceleration to the relative velo-
city, which is a complex number. Its real part can be expressed as,

Re½Hv(�v, v, j)�= � 2j�vv2

(�v2 � v2)
2

+ (2jv�v)2
ð4� 2Þ

To eliminate the dependence on mass m, the input energy spectrum EI can be converted
into the equivalent input energy velocity, Veq, via the following expression:

Veq(�v, j) =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EI (�v, j)

m

r
ð5Þ

Hence, using Equations 1–5, the ground-motion EI and Veq can be obtained from an
earthquake source in terms of the various source, path, and site parameters. In addition, it
is important to note that another advantage of using FAS to derive EI and Veq is the possi-
bility to obtain results for multiple damping ratios in a straightforward manner. This is an
advantage that the GMPE for Veq lacks, as it is usually developed for a specific damping
ratio. Results relating to this point will be shown in the following section.

Comparison with time-series analysis

To confirm the accuracy of the proposed method for estimating Veq based on the FAS
model, the Veq values were calculated using Equations 1–5 and compared with those

Table 1. Information of probability density functions for the considered random variables

Parameter Type of distribution Mean value Coefficient of variation

Density of crust r (g/cm3) lognormal 2.8 30%
Stress drop Ds (bar) lognormal 400 30%
Shear-wave velocity of crust b (km/s) lognormal 3.7 30%
Site diminution k0 (s) lognormal 0.04 30%
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calculated using traditional time-series analysis. To this end, a wide range of oscillator
periods T0 (T0 = 1/f) (0.01–10 s), damping ratios j (5%–50%), moment magnitude M (4-
8), and rupture distance RRUP (20–200 km) were considered. The values of the seismologi-
cal parameters required in Equation 1 for central and eastern North America (CENA) are
used in this section and are determined according to Boore and Thompson (2015). The
reason for selecting CENA for comparative analyses is that the seismological parameters
of CENA were relatively well studied. The parameters are taken from Table 1 of Wang
and Rathje (2016). For each FAS obtained using Equation 1 and considering a pair of M
and RRUP, a suite of 100 time-series signals was generated using SMSIM (Boore, 2005)
considering the finite-fault effects. Then, the EI values for the generated time series were
calculated based on its definition in the time-series domain, which is expressed as

EI = �
ðt
0

m€xg _xdt ð6Þ

where €xg is the generated time-series acceleration, _x is the corresponding velocity response
of the SDOF oscillator, t is time, and its value corresponds to the end of the ground
motion duration. The oscillator-response velocity _x is calculated based on the direct inte-
gration method of Nigam and Jennings (1969). The comparisons of the average values of
Veq for the generated time series with those calculated by Equations 1–5 are shown in
Figures 1 and 2. It can be found that the Veq values obtained using the proposed method
agree very well with those acquired from the time-series analysis. It can also be found that
the proposed method can directly predict the Veq values for multiple damping ratios.

Furthermore, the Veq values derived from Equations 1–5 are compared with those cal-
culated using seismic ground motions recorded in CENA from the Pacific Earthquake
Engineering Research Center database. Seismic records were selected with a magnitude
larger than 5 and rupture distance less than 300 km, which are generally of interest in
earthquake engineering. Some representative results are shown in Figure 3. Overall, the
Veq values obtained using the proposed method also agree well with those calculated using
real seismic records.

Annual intensity exceedance rate based on the moment method

To obtain the intensity of a Veq corresponding to a certain return period based on PSHA,
it needs to calculate the probability that Veq exceeds a specified intensity at a given site dur-
ing a specified time period, and considering all the earthquake sources capable of produc-
ing damaging ground motions. If the occurrence of seismic events is assumed to follow a
homogeneous stochastic Poisson process, once the annual rate exceeding a specific inten-
sity for each considered earthquake source is known, the exceedance probability at a site
during a specified time period considering all sources can be easily obtained. In theory, the
annual intensity exceedance rate, V(im), of a source is estimated by,

V imð Þ= nP(IM.im)

= n

ð
M

ð
R

ð
X3

� � �
ð
Xn

P IM.im M , R, X3, � � � , Xnjð ÞfM mð ÞfR rð ÞfX3
x3ð Þ � � � fXn

xnð Þdmdrdx3 � � � dxn
ð7Þ
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where n is the mean annual rate of the source; P(IM.im) is the probability that the ground
motion intensity, IM, exceeds a specified value, im, considering the uncertainties of all the
random variables given the occurrence of the earthquake; P IM.im M , R, X3, � � � , Xnjð Þ is
the probability that, given a magnitude M, a distance R and other possible random vari-
ables X3, � � � , Xn, the ground motion intensity IM exceeds a specified value im, and n is the
number of random variables; fM mð Þ represents the probability density function (PDF) of
the magnitude occurring in the source; fR rð Þ is the PDF used to describe the randomness
epicenter locations within the source, fX3

x3ð Þ � � � fXn
xnð Þ represent the PDFs of other possi-

ble variables X3, � � � , Xn.

Other possible variables include such as the stress drop Ds, the site diminution k0, the
mass density of crust r, and the shear-wave velocity of the crust b, etc. Although these
parameters are often treated as constants in the deterministic estimation of FAS using
Equation 1, it can easily be inferred that they inherently have uncertainties. More impor-
tantly, when these uncertainties are considered, the Veq varies even for a certain magnitude,

Figure 1. Comparison of Veq results calculated by the proposed method and time-series analysis for a
5% damping ratio considering different moment magnitude M with the rupture distance RRUP being: (a)
RRUP = 20 km, (b) RRUP = 50 km, (c) RRUP = 120 km, and (d) RRUP = 200 km.
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distance, and site condition, which is consistent with real observation. This phenomenon
known as the aleatory uncertainty in traditional GMPE-based PSHA can be reflected to
some extent by considering uncertainties of these seismological parameters. Generally,
mean values of the site diminution k0, the mass density of crust r, and the shear-wave velo-
city of the crust b can be determined for a specific region according to previous studies
(Boore, 2015). The mean value of stress drop Ds can be determined using a small number
of earthquakes with small-to-moderate magnitude (Boore, 2015). Regarding the probabil-
ity distributions of these seismological parameters, since they have received limited atten-
tion so far, they are simply assumed to be lognormal distributions with a certain value of
variation coefficient at the current stage. Such an assumption warrants further investiga-
tion based on inversion analyses of real seismic records in future studies.

In addition, epistemic uncertainties also should be incorporated into the PSHA, espe-
cially in regions with limited ground-motion data. The traditional GMPE-based PSHA

Figure 2. Comparison of Veq results calculated by the proposed method and time-series analysis for a
20% damping ratio considering different moment magnitude M with the rupture distance RRUP being: (a)
RRUP = 20 km, (b) RRUP = 50 km, (c) RRUP = 120 km, and (d) RRUP = 200 km.
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approach addresses epistemic uncertainties typically by employing multiple alternative
GMPEs with corresponding weights through a logic tree scheme (Macedo et al., 2020;
Tselentis et al., 2010). Then, engineers can address the confidence level based on a set of
hazard curves obtained from different GMPEs. In the proposed framework, a similar
methodology can be applied to address epistemic uncertainties. Various alternative models
for geometric attenuation Z(R) and anelastic attenuation Q(f) in Equation 1 can be
applied, with each model assigned weights through a logic tree scheme. The literature
review conducted by Boore (2015) reveals that over 40 attenuation models have been
developed between 1983 and 2014 for CENA. This number may be significantly fewer
than those in regions with abundant data, and epistemic uncertainties in regions with lim-
ited ground-motion data may be higher. Nevertheless, with the accumulation of ground-
motion data in such regions, more and more reliable attenuation models will be developed,
and their application in the proposed framework will lead to more reliable results.

Generally, a theoretical solution for Equation 7 containing multiple integrals can hardly
be obtained. Therefore, it is common practice in the traditional PSHA approach using
GMPE to discretize the continuous distributions for M and R and convert the integrals
into discrete summations (Baker, 2008). Each element within these discrete summations
can be treated as an individual earthquake, characterized by magnitude, distance, focal
parameters, and so on. Since the natural logarithm of the ground-motion-intensity GMPE,
that is, ln IM, is typically considered to follow a normal distribution, the probability that
IM exceeds a specified value for each individual earthquake can be directly obtained using
the cumulative distribution function (CDF) of the normal distribution. Ultimately, the
intensity exceedance rate can be obtained by summing that of each individual earthquake.

However, employing such an approach to compute the annual intensity exceedance rate
for the proposed framework using the FAS model is not feasible. The reasons are as fol-
lows. (1) Different from the traditional PSHA approach using GMPE, the proposed frame-
work requires additional integral calculations to derive Veq from FAS using Equation 4-1
for each individual earthquake. Moreover, considering that the FAS model involves
numerous uncertainty parameters, if their distributions are all discretized, it would necessi-
tate a substantial number of integral calculations using Equation 4-1. (2) More impor-
tantly, the FAS obtained from Equation 1 for an individual earthquake is a constant

Figure 3. Comparison of Veq results calculated using the proposed method and real seismic records for
a 5% damping ratio.
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instead of a probability distribution like the traditional GMPE. Therefore, to obtain the
intensity exceedance rate, statistical analysis based on a large number of samples is needed.
Especially, when a small exceedance probability is of interest, distributions for uncertainty
parameters in the FAS model should be discretized with a very small interval. This, in turn,
leads to an unacceptable increase in computational costs.

Essentially, the above approach is totally same with the Monte Carlo simulation.
Specifically, (1) first, generate enough samples for each random variable following given
distributions; (2) then, estimate Veq results according to generated samples for each ran-
dom variable using the proposed method in Section 2; (3) finally, calculate the exceedance
probability P(IM.im) by statistical analysis of all the obtained Veq results. The accuracy
of results by the Monte Carlo simulation depends on the number of generated samples for
each random variable; it increases with increasing the sample number. We attempted to
calculate P(IM.im) using 100,000 samples for each random variable, which is considered
a necessary number to obtain a reliable Veq corresponding to a usually used return period
of 500 years. However, it costs about 2 h for a single oscillator period considering a single
source. If multiple sources and oscillator periods are considered in real cases, the Monte
Carlo simulation can hardly be accepted.

Therefore, to simply solve the multiple integrals in Equation 7, an efficient method,
namely, the moment method (Zhao and Ono, 2001), is adopted in this paper. The moment
method calculates the exceedance probability P(IM.im) by two fundamental steps: (1)
assume a distribution form for the ground-motion intensity Veq defined in terms of the
first several statistical moments; and (2) estimate the first several statistical moments of
the ground motion intensity Veq according to the PDFs of the basic random variables M,
R, and X3, � � � , Xn. The two steps are detailed in the following two sections, respectively.

Cumulative distribution function of Veq

The ground motion intensity Veq is assumed to follow a three-parameter distribution
defined in terms of mean value, deviation and skewness (Zhao et al., 2001). The reason for
using the three-parameter distribution is that it can better fits statistical data particularly
those with skewness than the traditional two-parameter distributions, for example, normal
and lognormal distributions. The CDF of the three-parameter distribution, F(Veq), is
expressed as,

F(Veq) =F
1

a3Veq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9 +

1

2
a2

3Veq
+ 6a3Veq

Veq � m1Veq

sVeq

s
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9� 1

2
a2

3Veq

r !" #
ð8� 1Þ

where m1Veq
, sVeq

, and a3Veq
are the mean value, standard deviation, and skewness of the

ground motion intensity Veq. The standard deviation sVeq
and the skewness a3Veq

can be
estimated by the following equations

sVeq
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2Veq

� m2
1Veq

q
ð8� 2Þ

a3Veq
=

m3Veq
� 3m2Veq

m1Veq
+ 2m3

1Veq

s3
Veq

ð8� 3Þ
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where m1Veq
, m2Veq

, and m3Veq
are the first-order, second-order, and three-order statistical

moments of the ground motion intensity Veq, respectively. Figure 4 shows PDFs of the
three-parameter distribution considering different values of the mean value m1Veq

, standard
deviation sVeq

, and skewness a3Veq
.

The first three moments based on the point-estimate method

It can be noted that from Equations 8-1 to 8-3, once the three first three moments, that is,
m1Veq

, m2Veq
, and m3Veq

, are obtained, the CDF of the ground motion intensity Veq can be
determined, and then, P(IM.im) can be easily obtained. In theory, the kth-order statistical
moment mkVeq

is expressed as,

mkVeq
= E½(Veq)k �=

ð
M

ð
R

ð
X3

� � �
ð
Xn

(Veq)kfM mð ÞfR rð ÞfX3
x3ð Þ � � � fXn

xnð Þdmdrdx3 � � � dxn ð9Þ

It can be noted that Equation 9 also contains complex multiple integrals. To simplify
the calculation, the point-estimate method (Zhao and Ono, 2000) is adopted. The point-
estimate method is always conducted in standard normal space to easily determine the esti-
mating points. The kth-order moment mkVeq

in standard normal space can be expressed as

mkVeq
=

ð
� � �
ð

(Veq(T�1(U))ku(u)du ð10Þ

where T�1(U) =X is the inverse normal transformation which can be realized by
Rosenblatt transformation (Hohenbichler and Rackwitz, 1981); X= ½X1, X2, X3, � � �Xn� is a
vector of the random variables in original space, X1 represent the magnitude M, and X2

represents the distance R; U= U1, U2, U3, � � �Un½ � is a vector of standard normal random
variables corresponding to X, u(u) is the joint probability density function of U.

Then, applying the point-estimate method in standard normal space, the kth-order
moment mkVeq

can be expressed as,

Figure 4. The PDFs of the three-parameter distribution considering different values of (a) the mean
value m1Veq

, (b) standard deviation sVeq
, and (c) skewness a3Veq

.
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mkVeq
ffi
X Yn

i = 1

Pdi

 !
Veq T�1(ud1, ud2, ud3, � � � , udn)
� �� �k ð11Þ

where d is a combination of n items from a group 1, 2, � � � , m½ �, m is the number of estimat-
ing points, di is the ith item of d, udi is the value of dith estimating point, and Pdi is the
weight corresponding to udi.

Since there are mn combination of n items from a group 1, 2, � � � , m½ �, mn points, that is,
mn times calculation of the ground-motion intensity Veq, will be required for Equation 11.
When n and m are large, the computation of Equation 11 also can become excessive. To
further simplify the calculation, the bivariate dimension-reduction (Rahman and Xu, 2004)
is used here, thus, mkVeq

can be expressed as,

mkVeq
ffi

X
1<i\j<n

mk
L2
� n� 2ð Þ

Xn

i = 1

mk
L1

+
n� 1ð Þ n� 2ð Þ

2
mk

L0
ð12� 1Þ

In Equation 12-1, mk
L0

is expressed as

mk
L0

= Veq T�1(0, 0, � � � , 0)
� �� �k ð12� 2Þ

and mk
L1

is one dimensional integral function, which can be approximated as a summation
form based on the Gauss-Hermite integration,

mk
L1

=

ð‘
�‘

Veq T�1(0, � � � , uir, � � � , 0)
� �� �k

u(ui)dui =
Xm

r = 1

Pr Veq T�1(0, � � � , uir, � � � , 0)
� �� �k

ð12� 3Þ

mk
L2

is two-dimensional integral function, which also can be approximated as a summation
form based on the Gauss-Hermite integration,

mk
L2

=

ð‘
�‘

ð‘
�‘

Veq T�1(0, � � � , uir1
, � � � , ujr2

� � � , 0)
� �� �k

u(ui)u(uj)duiduj

=
Xm

r1 = 1

Xm

r2 = 1

Pr1
Pr2

Veq T�1(0, � � � , uir1
, � � � , ujr2

, � � � , 0)
� �� �k

ð12� 4Þ

The estimation points uir, uir1
, and ujr2

as well as the corresponding weights Pr, Pr1
and

Pr2
have been well established and can be directly obtained from Zhao and Ono (2000).

Numerical examples

To investigate the validity of the proposed approach, the annual intensity exceedance rates
are calculated considering an example point source in this section. The epicentral distance
is 30 km, and the focal depth is 20 km. A total of 5 random variables are considered in the
analyses, that is, the moment magnitude M, density of crust r, stress drop Ds, shear-wave
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velocity of crust b, and site diminution k0. According to the Guttenberg-Richter relation
(Tselentis et al., 2010), the PDF of M is expressed as

fM mð Þ=
b0exp(� b0(m� m0))

1� exp(� b0(mmax � m0))
, m0<m<mmax ð13Þ

m0 is the minimum threshold magnitude; mmax is the maximum threshold magnitude, and
b0 = bln10, and b is the Guttenberg-Richter’s parameter. In the example calculation, m0 is
set as 6, mmax is set as 8, and b0 is set as 2.6. The PDFs of other random variables are
assumed and shown in Table 1. For convenient, the mean annual rate of the source n is
considered as 1. The values of other seismological parameters for CENA are used and are
determined according to Boore and Thompson (2015).

In addition, a seven-point estimation is adopted in this section, the estimation points
and corresponding weights are given by,

Figure 5. Comparison of the annual intensity exceedance rates calculated by the proposed approach
and Monte Carlo simulation for cases with a 5% damping ratio: (a) T0 = 0.5 s, (b) T0 = 1.0 s, (c) T0 = 1.5
s, and (d) T0 = 2.0 s.
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ud1
= � 3:7504397 P1 = 5:48269310�4

ud2
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ud3
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ud4
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ud5
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ud6
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ud7
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8>>>>>>>><
>>>>>>>>:

ð14Þ

Then, the annual intensity exceedance rates are calculated based on the proposed
approach and Monte Carlo simulation. The Monte Carlo simulation uses 100,000 samples
for each random variable. Representative results for four oscillator periods are presented
in Figures 5 and 6. Figure 5 shows the results of a 5% damping ratio, and Figure 6 shows
the results of a 20% damping ratio. It can be noted that the results by proposed approach
agree very well with those by the Monte Carlo simulation. Moreover, the proposed method
is much more efficient than the Monte Carlo simulation. It only costs about 8 s for a single

Figure 6. Comparison of the annual intensity exceedance rates calculated by the proposed approach
and Monte Carlo simulation for cases with a 20% damping ratio: (a) T0 = 0.5 s, (b) T0 = 1.0 s, (c)
T0 = 1.5 s, and (d) T0 = 2.0 s.
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oscillator period considering a single source, while it costs about 2 h to complete the same
calculation using the Monte Carlo simulation. It can also be found that the proposed
approach can directly predict hazard curves of Veq for multiple damping ratios.

As for the hazard curve for the input energy spectrum EI, it can be directly converted
from that of the equivalent input energy velocity Veq, using Equation 5. This is because EI

exhibits a monotonically related relationship with Veq, expressed as Equation 5. The prob-
ability of exceeding a specific value of Veq is equivalent to the probability of exceeding the
corresponding EI, as calculated by Equation 7. The hazard curves of EI directly converted
from those of Veq are compared with hazard curves of EI calculated based on PSHA of EI

Figure 7. Comparison of the annual exceedance rates of the input energy spectrum EI calculated based
on PSHA and Equation 5 for cases with a 5% damping ratio: (a) T0 = 0.5 s and (b) T0 = 1.5 s.

Figure 8. The annual intensity exceedance rates calculated by the traditional GMPE-based approach for
cases with a 5% damping ratio: (a) T0 = 0.5 s and (b) T0 = 1.5 s.
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using Equations 4-1 and 7, in Figure 7. The PSHA of EI was conducted using Monte Carlo
simulation, with the mass m set as 1500 kg. It can be found that the hazard curves of EI

converted from those of Veq are the same as those calculated based on PSHA. For the esti-
mation of the exceedance probability of a variable not monotonically related to Veq, con-
volution may be needed, as detailed by Macedo et al. (2020).

Furthermore, annual exceedance rates for Veq are also calculated based on the tradi-
tional approach using the GMPE of Veq. To be consistent with the results in Figures 5 and
6, efforts were made to find Veq GMPEs developed using ground motions recorded in
CENA. However, no such GMPEs were found, and consequently, two Veq GMPEs for
other regions were adopted (Alıcı and Sucuoğlu, 2018; Danciu and Tselentis, 2007). The
GMPE of Alıcı and Sucuoğlu (2018) was developed using ground motions in the Next
Generation Attenuation project database, which contains records from many countries.
The GMPE of Danciu and Tselentis (2007) was developed using ground motions in Greece
from the European Strong Motion database. Figure 8 shows the hazard curves calculated
based on the traditional approach using the two GMPEs. It can be found that results using
the two GMPEs developed using different databases are significantly different. The differ-
ence supports that when performing a PSHA for a specific region, using GMPE for Veq

from other regions may lead to unreasonable results. Furthermore, the results based on the
traditional GMPE-based approach are also very different from those from the proposed
method, as seen by comparing Figures 5 and 8. These results indicate that when perform-
ing a PSHA at regions lacking strong ground-motion records, the application of GMPEs
for Veq from other regions may be unreasonable. Since the FAS model can be determined
using a small number of records with small-to-moderate magnitudes (Boore, 2015, 2018,
2020) owing to its linear scaling law, the proposed approach has greater applicability for
regions lacking strong ground-motion records.

Conclusion

This study developed a new approach for performing the probabilistic seismic hazard anal-
ysis (PSHA) in terms of the input energy spectrum, EI, in regions lacking ground-motion
records. Specifically, a model of Fourier amplitude spectrum (FAS), which can be deter-
mined using a small number of seismic records with small-to-moderate magnitudes, is used,
and then the EI of ground motion is obtained based on the relationship between EI and
FAS. Furthermore, an efficient method, namely, the moment method, is applied to calcu-
late the annual intensity exceedance rate. Then, several example calculations are conducted
to demonstrate the validity of the proposed framework:

1. The EI values of ground motion obtained from the FAS model based on the pro-
posed approach agree very well with those acquired from the time-series analysis.

2. The annual intensity exceedance rate calculated by proposed approach agree very
well with those by the Monte Carlo simulation.

3. Unlike the conventional PSHA approach, the proposed framework can give EI val-
ues as well as corresponding hazard curves for multiple damping ratios in a
straightforward manner.

4. The proposed framework not only is suitable for regions lacking ground-motion
records but also performs much more efficiently than using the Monte Carlo simu-
lation in calculating the annual intensity exceedance rate without loss of accuracy.

5. This study primarily focuses on the methodology for PSHA in terms of EI and Veq

in regions lacking ground-motion records. While the proposed approach offers
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several methodological advantages, as previously mentioned, its practical imple-
mentation currently faces challenges and demands further research in the future.
Notably, due to limited research on the probability distributions of seismological
parameters, this study relies on certain assumptions. It is anticipated that future
studies delving into the probability characteristics of these seismological parameters
will enhance the practical applicability of the proposed method.
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