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Damping Modification Factor of Acceleration Response Spectrum 
considering Seismological Effects
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ABSTRACT
Although seismological effects on the damping modification factor of an 
acceleration response spectrum (DMFa) are important, seismological para
meters in existing formulations are generally not specified in seismic codes. 
This study aims to propose a practical DMFa formulation using parameters 
available from seismic codes to reflect the seismological effects. To this end, an 
analytical approach is developed to explore the seismological effects on DMFa. 
It is found that a bandwidth factor defined as the ratio of acceleration spectral 
values at 6 and 0s can appropriately reflect the seismological effects, and thus 
is incorporated into the proposed DMFa formulation for seismic design.
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1. Introduction

The acceleration response spectrum has been used as a popular tool to assess the seismic demand of 
a building. Most seismic regulations specify the response spectral values corresponding to a standard 
damping ratio of 5%. To design structures with inherent damping ratios other than 5%, e.g., base-isolated 
structures (Naeim and Kelly 1999) or structures with supplementary damping devices (Constantinou, 
Soong, and Dargush 1998), the damping modification factor is considered the most effective tool.

In the past few decades, numerous studies have been conducted to understand the damping 
modification factor (DMF), and many simple formulations have been developed based on different 
databases of seismic records (Ashour 1987; Bommer and Elnashai 1999; Bommer and Mendis 2005; 
Cameron and Green 2007; Conde-Conde and Benavent-Climent 2019; Greco, Fiore, and Briseghella 
2018b; Greco et al. 2018a, 2019; Hao et al. 2011; Hatzigeorgiou 2010; Hubbard and Mavroeidis 2011; Lin 
2007; Lin and Chang 2003, 2004; Lin, Miranda, and Chang 2005; Mentrasti 2008; Mollaioli, Liberatore, 
and Lucchini 2014; Nagao and Kanda 2015; Newmark and Hall 1982; Palermo, Silvestri, and Trombetti 
2016; Pu et al. 2016; Ramirez et al. 2000; Rezaeian et al. 2014; Sadek, Mohraz, and Riley 2000; Stafford, 
Mendis, and Bommer 2008; Tolis and Faccioli 1999; Xiang and Huang 2019; Zhao et al. 2019; Zhou et al. 
2014). Castillo and Ruiz (2014) also developed a DMF formulation based on uniform hazard spectra. 
Most of these formulations were concerned with the pseudo-acceleration response spectrum, Spa, which 
is approximated from the displacement response spectrum. The pseudo-acceleration response spectrum, 
Spa, is suitable when the restoring force is of interest, such as in the design of a structure whose damping 
is mainly derived from supplementary damping devices (Lin and Chang 2003). However, the true 
acceleration response spectrum, Sa, is more suitable when the inertial force of the structure is of interest. 
Moreover, Sa and Spa can be substantially different especially in structures with large damping ratios and 
long periods (Lin and Chang 2003; Mentrasti 2008; Sadek, Mohraz, and Riley 2000). Therefore, it is 
necessary to develop a formulation for the DMF of Sa (DMFa) in seismic design.

Lin and Chang (2004) developed a formula for the DMFa based on statistical analyses of the 
ground-motion records for the United States. This formulation considered the effects of structural 
parameters, namely the structural period and damping ratio, as well as site conditions. Hatzigeorgiou 
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(2010) developed a DMFa formulation based on statistical analyses of the universally recorded and 
artificial accelerograms; this formulation further incorporates the effects of the fault distance and type 
of earthquake motions (natural or artificial). Nagao and Kanda (2015) proposed a DMFa formula 
using several ground-motion records from earthquakes that occurred in Japan. This formulation 
incorporates the structural parameters and the standard deviation of the phase difference of earth
quake motions. Pu et al. (2016) developed a formula for near-fault motions based on statistical 
analyses of pulse-like signals, including the structural parameters and pulse period. Conde-Conde 
and Benavent-Climent (2019) developed a DMFa formula based on European seismic records by 
considering the effects of structural parameters and duration of ground motion. Although these 
studies all agree upon the importance of the seismological effects on the DMFa, most of the 
seismological parameters in existing formulations, e.g., fault distance and standard deviation of 
phase difference, are generally not specified as part of the earthquake actions in seismic codes. 
Therefore, it is not feasible to directly apply these formulations incorporating the seismological 
parameters in a practical seismic design.

This study aims to propose a DMFa formulation using parameters available from seismic codes to 
reflect the seismological effects, which can be applied in practical seismic design. The remainder of this 
paper is organized as follows. First, existing formulations for the DMFa are briefly reviewed in Section 2. 
In Section 3, an analytical approach is developed based on random vibration theory (RVT) to explore the 
seismological effects on DMFa. In Section 4, the developed approach is verified by comparing with the 
results of the time-series analysis. In Section 5, seismological effects on DMFa are systematically 
explored, and an appropriate factor for seismic design is derived to reflect the seismological effects. In 
Section 6, a simple DMFa formulation adopting the derived factor is further proposed for a practical 
seismic design. Finally, conclusions of this study are presented in Section 7.

2. Existing DMFa Formulations

Although numerous formulations for the DMF of Spa, DMFd, have been developed, there are very few 
reported works for the DMFa. Lin and Chang (2004) developed a formula for the DMFa based on 
statistical analyses of 1,037 ground-motion records from 102 earthquakes that occurred in the United 
States. Their formula considered the effects of the structural period T0, damping ratio ξ, and site 
conditions, and can be expressed as 

DMFaðT0; �Þ ¼ d þ eT0 (1) 

where d and e are coefficients depending on the soil type, as listed in Table 4 of Lin and Chang (2004). 
The site class in the study by Lin and Chang (2004) was defined according to the NEHRP (2000). 
Equation (1) is applied to T0 ≥ 0.15 s for site Class AB and T0 ≥ 0.2 s for site Classes C and D; 
DMFa = 1.0 for T0 = 0 s for the three site classes. Values of the DMFa for 0 s < T0 < 0.15 s (site Class 
AB) and 0 s < T0 < 0.2 s (site Classes C and D) can be obtained by linear interpolation, and this formula 
is valid for damping ratios between 2% and 50% and oscillator periods up to 6 s.

Hatzigeorgiou (2010) developed another DMFa formulation based on the nonlinear regression 
analysis of 210 universally recorded and 100 artificial accelerograms. This formulation further 
incorporates the effects of the fault distance and type of earthquake motions (natural and artificial) 
and is expressed as 

DMFaðT0; �Þ ¼ 1þ ð100� � 5Þ½1þ c1 lnð100�Þ þ c2ðlnð100�ÞÞ2�
� ½c3 þ c4lnðT0Þ þ c5ðlnðT0ÞÞ

2
�

where c1–c5 are coefficients depending on the soil type, fault distance, and type of earthquake motion 
(natural or artificial), as listed in Table VI of Hatzigeorgiou (2010); the site classes used in this study 
were defined according to the United States Geological Survey. This formula is valid for damping 
ratios between 0.5% and 50%, with oscillator periods up to 5 s.
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Nagao and Kanda (2015) developed a DMFa formula based on a linear regression analysis of ground- 
motion records from 13 earthquakes in Japan. Their formula incorporates the structural parameters as 
well as the standard deviation of phase difference of earthquake motions, σ, and is expressed as 

DMFaðT0; �Þ ¼ ai;j þ bi;jσ (3) 

where ai,j and bi,j are coefficients depending on the structural period and damping ratio, as presented 
in Table 2 of Nagao and Kanda (2015).

Pu et al. (2016) developed an expression for near-fault motions based on statistical analyses of 50 
carefully selected pulse-like near-fault ground motions. This formula includes structural parameters as 
well as the pulse period Tp, and the DMFa is expressed in terms of the DMFd: 

DMFaðT0; �Þ ¼ DMFdðT0; �Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4�2ðT0
Tp
þ 0:2Þ2

1þ 0:01ðT0
Tp
þ 0:2Þ2

v
u
u
u
t (4 � 1) 

When T0/Tp ≥ .5, the DMFd is expressed as 

DMFdðT0; �Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½1 � ðT0
Tp
þ 0:2Þ2�

2
þ 0:55ðT0

Tp
þ 0:2Þ3

½1 � ðT0
Tp
þ 0:2Þ2�

2
þ 5ð� þ 0:06ÞðT0

Tp
þ 0:2Þ3

v
u
u
u
t (4 � 2) 

When 0.01 < T0/Tp < .5, the DMFd is expressed as 

DMFdðT0; �Þ ¼ 1þ
log T0

Tp
þ 2

1:699
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

0:81þ 3:82�

r

� 1Þ (4 � 3) 

When T0/Tp ≤ .01, the DMFd is expressed as 

DMFdðT0; �Þ ¼ 1 (4 � 4) 

Conde-Conde and Benavent-Climent (2019) developed a DMFa expression based on the European 
seismic records. Their formula considered the effects of the structural parameters and significant 
duration of ground motions, D5-95%; it is also expressed in terms of the DMFd: 

DMFaðT0; �Þ ¼ DMFdðT0; �Þ þ ε�λT0 (5 � 1) 

where the DMFd is expressed as 

DMFdðT0; �Þ ¼ ½1þ ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:05þ �

0:10

r

� 1Þð
TR

T0
Þ

aT0 � TR
T0 �

� 1 (5 � 2) 

Here, λ, ε, TR, and a are coefficients depending on the soil type and significant duration of ground 
motions D5-95%, as listed in Table 4 of Conde-Conde and Benavent-Climent (2019). Further, the site 
class in this study was defined according to Eurocode 8 (2004), and the formula is valid for damping 
ratios between 10% and 90%, with oscillator periods up to 4 s.

All of the aforementioned studies as well as others exploring the seismological effects (Hao et al. 
2011; Zhao et al. 2019) agree that the DMFa could be significantly affected by seismological para
meters; these studies incorporate various seismological parameters into the DMFa formulations. 
However, the incorporated seismological parameters, e.g., fault distance, standard deviation of the 
phase difference, pulse period, and ground-motion duration, are generally not specified as part of the 
seismic design actions in seismic codes. Therefore, it is not feasible to directly apply these formulations 
incorporating said seismological parameters in a practical seismic design.
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3. Analytical Approach for the DMFa

To develop a DMFa formulation considering the seismological effects for a practical seismic design, it is 
necessary to find an appropriate factor that is available from seismic codes to reflect the seismological effects. 
To this end, this section presents an analytical approach for DMFa to systematically explore the seismolo
gical effects and theoretically clarify the factor essentially governing the seismological effects. In particular, to 
involve various seismological parameters, a source-based Fourier amplitude spectrum (FAS) model is used 
to characterize the ground motions. Then, the random vibration theory (RVT) is applied to evaluate the 
DMFa by considering its ability to easily relate the FAS to the response spectrum (Zhang and Zhao 2020).

3.1. Earthquake Ground-motion Model

To investigate the seismological effects on the DMFa, it is desirable to characterize the earthquake 
ground motions through a source-based model that includes various seismological parameters, such as 
the magnitude, distance, and site conditions. The simplest source-based model involves using the 
seismological theory to compute the radiated FAS from a point source in terms of the source, path, and 
site parameters (EPRI 1993). This study utilizes the FAS model described by Boore (1983, 2003), which 
has been adequately validated via comparisons with observations from real ground motion records 
(1983, 2003). The FAS of ground acceleration, Ya(f), is expressed as the product of the source term 
E(M0, f), propagation path term P(R, f), and site term G(f), as 

Yaðf Þ ¼ EðM0; f Þ � PðR; f Þ � Gðf Þ (6) 

where f denotes the frequency, R denotes the distance from site to the source, and M0 denotes the 
seismic moment, which is related to the moment magnitude M as 

M0 ¼ 101:5Mþ10:7 (7) 

The Brune omega-squared point-source spectrum (Brune 1970, 1971) is most commonly used to 
represent the radiated FAS from an earthquake. This source spectrum can be coupled with the path 
and site terms defined by Boore (1983, 2003) to obtain 

Ya fð Þ ¼ 0:78
π

ρβ3 M0
f 2

1þ f =fcð Þ
2

" #

Z Rð Þ exp
� πfR
Q fð Þβ

� �� �

exp � πκfð ÞA fð Þ½ � (8) 

where, ρ and β denote the density and shear wave velocity of the crust, respectively, Z(R) denotes the 
geometric attenuation, κ denotes the site diminution, Q(f) denotes the anelastic attenuation, and A(f) 
denotes the crust amplification. Further, fc is the corner frequency representing the frequency below 
which the FAS decays and is defined as 

fc ¼ 4:9� 106βðΔσ=M0Þ
1=3 (9) 

where Δσ is the stress drop. Typical values of the seismological parameters required in Equations. (8) and 
(9) are determined based on Boore and Thompson (2015), as detailed in Table 1 of Wang and Rathje (2016).

3.2. Expression for DMFa

To estimate the DMFa using the FAS, the random vibration theory (RVT) is applied considering its ability 
to easily relate the FAS to the response spectrum. Based on the RVT, Boore (1983, 2003) derived an 
expression for the pseudo-acceleration response spectrum Spa, i.e., Spað�ω; �Þ, from the FAS, which is 
expressed as 
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Spað�ω; �Þ ¼ pf �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

Drms;�π

ð1

0
YRðω; �ω; �Þj j

2dω

s

(10) 

where �ω and ξ are the circular frequency and damping ratio for a single-degree-of-freedom oscillator, 
respectively, Drms;� and pf � are the duration and expected value of the peak factor of the oscillator 
response, respectively, and YRðω; �ω; �Þ represents the oscillator-response FAS, which is obtained from 
FAS of the ground acceleration YaðωÞ as 

YRðω; �ω; �Þ ¼ YaðωÞ Hpaðω; �ω; �Þj j (11) 

In Equation (11), Hpaðω; �ω; �Þ is the oscillator transfer function for the pseudo-acceleration and is given by 

Hpaðω; �ω; �Þj j ¼
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2�ω=�ωÞ2 þ ððω=�ωÞ2 � 1Þ
2

q (12) 

This study focuses on the true acceleration response spectrum, Sað�ω; �Þ, instead of the pseudo one, 
Spað�ω; �Þ. Based on the RVT, Sað�ω; �Þ can be obtained using Equation (10) by replacing the oscillator 
transfer function Hpaðω; �ω; �Þ for the pseudo-acceleration with that for the true acceleration. The 
oscillator transfer function for the true acceleration, Haðω; �ω; �Þ, is expressed as 

Haðω; �ω; �Þj j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2�ω=�ωÞ2 þ 1
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2�ω=�ωÞ2 þ ððω=�ωÞ2 � 1Þ
2

q (13) 

As most seismic codes only specify the pseudo-acceleration spectrum of a damping ratio of 5% 
Spað�ω; 5%Þ, in order to obtain the true acceleration spectrum corresponding to an arbitrary damping 
ratio ξ, Sað�ω; �Þ, it is more reasonable to define the DMFa as the ratio of Sað�ω; �Þ to Spað�ω; 5%Þ than 
that to Sað�ω; 5%Þ. Thus, the DMFa can be expressed as 

DMFa �ω; �ð Þ ¼
Sa �ω; �ð Þ

Spa �ω; 5%ð Þ
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ò
1

0 Ya ωð ÞHa ω; �ω; �ð Þj j
2dω

ò
1

0 Ya ωð ÞHpa ω; �ω; 5%ð Þj j
2dω

s

�
pf �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Drms;5%

p

pf 5%
ffiffiffiffiffiffiffiffiffiffiffiffi
Drms;�

p (14) 

where Drms;5% and pf 5% denote the oscillator-response duration and expected value of the peak factor 
corresponding to a damping ratio of 5%, respectively. Equation (14) gives an analytical expression for 
the DMFa. As this expression includes various seismological parameters, it allows exploration of the 
effects of all these parameters on the DMFa. It should be noted that Equation (14) is developed to 
systematically investigate the seismological effects on DMFa and theoretically clarify the essential 
factor governing the seismological effects, and thus, find an appropriate factor that is available from 
seismic codes to reflect the seismological effects; Equation (14) is not developed for direct implemen
tation in the practical seismic design to calculate the DMFa.

Many models for the peak factor have been developed and reported in literatures (Cartwright and 
Longuet-Higgins1956, Davenport Davenport 1964; Vanmarcke 1975). Wang and Rathje (2016) found that 
the Vanmarcke model (1975) can give the best estimations of the peak factor among these models. The 
cumulative distribution function of the peak factor, pf, provided by Vanmarcke (1975) is expressed as 

P pf < rð Þ ¼ 1 � e � r2=2ð Þ
h i

� exp � 2fz exp � r2=2
� �

Dgm

1 � e� δ1:2r
ffiffiffiffiffiffi
π=2
p� �

1 � er2=2ð Þ

2

4

3

5 (15) 

where, Dgm is the ground-motion duration, and δ is a bandwidth factor determined by the spectral 
moments of FAS and expressed as 
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δ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 �
m2

1
m0m2

s

(16) 

Here, m0, m1, and m2 are the zeroth-, first-, and second-order spectral moments of the FAS, 
respectively. The n-th order spectral moment of the FAS, mn, is defined as 

mn ¼
1
π

ð1

0
ωn YaðωÞj j

2dω (17) 

In Equation (15), fz is the rate of zero crossing, which is defined as: 

fz ¼
1

2π

ffiffiffiffiffiffi
m2

m0

r

(18) 

The duration of the oscillator response, Drms;�, in Equation (14) can be related to the ground-motion 
duration Dgm. Boore and Joyner (1984) and Liu and Pezeshk (1999) developed simple formulae to 
calculate the oscillator-response duration, Drms;�, from Dgm. Boore and Thompson (2012) and then 
developed a more accurate formula for Drms;� as 

Drms;�=Dgm ¼ ce1 þ ce2
1 � ηce3

1þ ηce3

� �

1þ
ce4

2π�
η

1þ ce5ηce6

� �ce7
� �

(19) 

Here, η ¼ T0=Dgm, and ce1–ce7 are coefficients that depend on the moment magnitude M and distance 
R, as noted in Boore and Thompson (2012). The ce coefficients in Boore and Thompson (2012) were 
derived using the peak-factor model of Cartwright and Longuet-Higgins (1956). Boore and Thompson 
(2015) further updated the ce coefficients using the peak-factor model of Vanmarcke (1975), which are 
adopted in this paper. In addition, the ground-motion duration Dgm that equals a sum of the source 
and path durations, is estimated based on the model of Boore and Thompson (2014, 2015).

4. Verification of the Analytical Approach

To validate the proposed approach, the calculated DMFa results were compared with those obtained 
from the traditional time-series analysis. A wide range of structural parameters, i.e., structural period T0 
(0.01–10 s) and damping ratio ξ (10–50%), and main seismological parameters, including the moment 
magnitude M (4–8) and distance R (20–200.01 km), were considered for the calculations. The time series 
for the analysis was generated from the FAS using the Stochastic Method SIMulation (Boore 2005) 
program using stochastic simulations (Boore 1983). For each FAS, a suite of 100 time series signals was 
generated, and the simulated time series matched the FAS on average. Then, the values of the DMFa for 
all the generated time series were calculated using the direct-integration method by Nigam and Jennings 
(1969). For each FAS, the 100 corresponding DMFa results for the same damping level were averaged 
and compared with those obtained using the proposed approach. Some of these representative compar
isons are shown in Fig. 1–3; the favorable agreement in these figures thus validates the proposed 
approach. Although when the oscillator period is shorter than about 0.03s, the accuracy of the proposed 
approach deteriorates; such short periods are generally seldom of interest in earthquake engineering.

The DMFa trends with variations in the structural and seismological parameters are also investi
gated. Figure 1 indicates that the DMFa is nearly equal to unity at an oscillator period of 0.01 s and 
decreases to the minimum value (smaller than unity) with increasing oscillator periods. Then, the 
DMFa increases with increasing oscillator periods, and the values may be considerably larger than 
unity at very long oscillator periods. The decrease and increase rates at short and long oscillator 
periods are dependent on the damping ratio. Both rates increase with an increase in the damping ratio. 
In addition, the DMFa decreases at short oscillator periods but increases at long oscillator periods with 
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an increase in damping ratio. The decrease and increase rates at short and long periods corresponding 
to the damping ratio are dependent on the oscillator period. At long oscillator periods, the 
DMFa increases faster with an increase in the oscillator period.

From Figs. 2 and 3, the DMFa trends with variation of seismological parameters can be clarified. 
Figure 2 indicates that the DMFa is dramatically affected by the moment magnitude at long oscillator 
periods but is essentially independent at short oscillator periods. It is evident from Fig. 2 that the 
DMFa decreases and becomes less dependent on the oscillator period with an increase in moment 
magnitudes at long oscillator periods. Figure 3 indicates that the behavior of the DMFa with variation 
of the distance R is typically consistent with that of variation of the moment magnitude, but with 
a much smaller variation degree.

These observed DMFa trends with variations in the structural and seismological parameters are 
consistent with those observed from statistical analyses of real seismic records (Hao et al. 2011; Lin and 
Chang 2003, 2004; Zhao et al. 2019). The consistency of these observations provides additional 
verification for the proposed approach for DMFa.

Figure 1. Variation of DMFa with damping ratio for moment magnitudes and distances of (a) M = 5 and R = 20 km, (b) M = 7 and 
R = 20 km, (c) M = 5 and R = 126.2 km, and (d) M = 7 and R = 126.2 km, respectively.
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5. Factor Reflecting the Seismological Effects

To find an appropriate factor that is available from seismic codes to reflect the seismological effects 
on DMFa, the key factor governing the seismological effects is investigated using the proposed 
approach. For this purpose, the expression for DMFa, i.e., Equation (14), is decomposed into three 
terms. The first term is controlled by the oscillator-response FAS, the second term is controlled by 
the oscillator-response peak factors, and the third term is controlled by the oscillator-response 
durations. The results of each of these terms for the cases in Fig. 2 are shown in Fig. 4–6 as 
representatives showing their contributions to the DMFa. It is evident from Figs. 2 and 4 that the 
DMFa is very similar in its first term, and all the characteristics, such as trends with variations in 
the structural and seismological parameters, are captured adequately in the first term. In addition, 
Figs. 5 and 6 indicate that the values of the second and third terms are very close to unity 
compared with those of the first term. All these results indicate that the DMFa is dominated by 
the first term.

Figure 2. Influence of the moment magnitude on DMFa for distances and damping ratios of (a) R = 20 km and ξ = 0.3, (b) R = 20 km 
and ξ = 0.5, (c) R = 126.2 km and ξ = 0.3, and (d) R = 126.2 km and ξ = 0.5, respectively.
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It is evident from Equation (14) that all the seismological parameters including site conditions 
affect the first term by changing the FAS of the ground motion, YaðωÞ, although only results 
with respect to moment magnitude and distance are presented. Because the oscillator transfer 
functions, i.e., Hpaðω; �ω; �Þ and Haðω; �ω; �Þ, in the first term are independent of the seismolo
gical parameters. In addition, as the first term is expressed in the form of a ratio related to the 
ground-motion FAS, it should be the relative value of the FAS rather than its absolute value that 
affects the first term. This can be easily understood by scaling the ground-motion FAS by 
a constant value. As the constant value exists for the numerator and denominator and then 
disappears, the first term will not be changed. Moreover, the relative value or shape of the FAS physically 
represents the frequency content of the ground motions. Therefore, the key factor governing the 
seismological effects is the frequency content of the ground motion, and all the seismological parameters, 
including the moment magnitude, distance, and site conditions, affect the DMFa mainly by changing the 
ground-motion frequency content.

Figure 3. Influence of distance on DMFa for moment magnitudes and damping ratios of (a) M = 5 and ξ = 0.3, (b) M = 5 and ξ = 0.5, 
(c) M = 7 and ξ = 0.3, and (d) M = 7 and ξ = 0.5, respectively.
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The aforementioned findings facilitate the determination of a single factor that can represent the 
ground-motion frequency content to reflect the seismological effects on the DMFa. Boore (2003) 
introduced a bandwidth factor ζ, which can reflect the ground-motion frequency content 

ζ ¼
m2
ffiffiffiffiffiffiffiffiffiffiffiffim0m4
p (20) 

However, the bandwidth factor ζ is also not defined as a part of the seismic design actions in existing 
seismic codes. To solve this problem, the bandwidth factor ζ should be related to the parameters 
available in seismic codes. Equation (20) indicates that the bandwidth factor ζ is a function of the 
spectral moments of the FAS, and the RVT states that the square of the zeroth-order spectral moment 
of the FAS is proportional to the peak ground motion (PGM) (Boore 1983, 2003) given as 

PGM ¼
ffiffiffiffiffiffi
m0
p

� pf =
ffiffiffiffiffiffiffiffi
Dgm

p
(21) 

Therefore, the square of the zeroth-order spectral moment of the displacement FAS Yd(ω), is 
proportional to the peak ground displacement (PGD), which can be expressed as 

Figure 4. Values of the first term of the DMFa for distances and damping ratios of (a) R = 20 km and ξ = 0.3, (b) R = 20 km and ξ = 0.5, 
(c) R = 126.2 km and ξ = 0.3, and (d) R = 126.2 km and ξ = 0.5, respectively.
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ffiffiffiffiffiffi
m0
p

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1

0
YdðωÞj j

2dω

s

/ PGD (22) 

In addition, because the FAS of the velocity, Yv(ω), is related to that of the displacement as Yv 
(ω) = ωYd(ω), the square of the second-order moment of the displacement FAS equals that of the 
zeroth-order moment of the velocity FAS, and is thus proportional to the peak ground velocity (PGV), 
which can be expressed as 

ffiffiffiffiffiffi
m2
p

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1

0
ω2 YdðωÞj j

2dω

s

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1

0
YvðωÞj j

2dω

s

/ PGV (23) 

Figure 5. Values of the second term of the DMFa for distances and damping ratios of (a) R = 20 km, ξ = 0.3 and 0.5 and (b) 
R = 126.2 km, ξ = 0.3 and 0.5.

Figure 6. Values of the third term of the DMFa for distances and damping ratios of (a) R = 20 km, ξ = 0.3 and 0.5 and (b) R = 126.2 km, 
ξ = 0.3 and 0.5.
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Similarly, because the FAS of the acceleration can be obtained from that of the displacement by Ya 
(ω) = ω2Yd(ω), the square of the fourth-order moment of the displacement FAS equals that of the 
zeroth-order moment of the acceleration FAS, and is thus proportional to the peak ground accelera
tion (PGA), which can be expressed as 

ffiffiffiffiffiffi
m4
p

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1

0
ω4 YdðωÞj j

2dω

s

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1

0
YaðωÞj j

2dω

s

/ PGA (24) 

Substituting Equations. (22)–(24) into Equation (20), ζ can be expressed as 

ζ ¼
PGV2

PGD� PGA
(25) 

Here, Equation (25) implicitly assumes that the peak factor and duration that link the zeroth-order 
spectral moment to the peak value are similar for the ground acceleration, velocity, and displacement.

Since PGV and PGD are also generally not provided in seismic codes, it is desirable to link them to 
the design spectrum. Here, it is assumed that PGV and PGD are related to the pseudo velocity 
spectrum Spv and displacement spectrum Sd at a specific period TS, respectively. Furthermore, Spv 
and Sd can be converted to the pseudo acceleration spectrum Spa by Spv ¼ Spa=ω0 and Sd ¼ Spa=ω2

0. 
Therefore, a new bandwidth factor ζb is introduced as 

Figure 7. The relative average error of DMFa at 0.01 to 10 s compared with results of (a) the time-series analysis in Section 4 and (b) 
real ground motion records.
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ζb ¼
SpaðTSÞ=ω0ð Þ

2

SpaðTSÞ=ω2
0 � PGA

¼
SpaðTSÞ

PGA
(26) 

Although the values of ζ and ζb may be different, they must be closely related to each other. Therefore, 
the parameter ζb should also be able to represent the frequency content of the ground motion, which 
will be confirmed below.

Then, to find a proper value of TS, 10 periods (1–10 s with 1-s interval) were attempted to 
understand using which period ζb can better reflect the seismological effects on DMFa. The bandwidth 
factor ζb using the 10 periods calculated by Equation (26) was all applied to derive the 
DMFa formulation following the process in Section 6. The relative average error of DMFa at 0.01 to 
10 s compared with results of the time-series analysis in Section 4 and real seismic records detailed 
below are shown in Fig. 7. The relative average error decreases with increasing TS, and it becomes 
stable from 6 s. Since the longest period of the design spectrum is generally limited (e.g., the longest 
period is 6 s in GB 50011–2010), a period as short as possible is selected. Therefore, the bandwidth 
factor is calculated using ζb = Spa(6 s)/PGA (or ζb = Spa(6 s)/Spa(0 s)), in this study.

Figure 8. Correlation between the bandwidth factor ζb and (a) moment magnitudes for distances of 20 km and 126.2 km, (b) moment 
magnitudes for distances of 50.24 km and 200.01 km, (c) distances for moment magnitudes of 4, 5, 6, 7, and 8, and (d) distances for 
moment magnitudes of 4.5, 5.5, 6.5, and 7.5.
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Formally, the PGV and PGD in Equation (25) can be estimated from the peaks in the correspond
ing response spectrum using the equations of Booth (2007). However, the peak of the displacement 
spectrum is not available in some seismic codes (e.g., Japanese seismic code 2000), since the displace
ment spectrum converted from Spa increases indefinitely with the period. Therefore, this approach is 
not adopted in this study.

Then, to show the capability of the bandwidth factor to reflect the seismological effects, its 
correlations with the main seismological parameters are presented in Fig. 8. It is evident from this 
figure that the bandwidth factor ζb is closely related to the seismological parameters and increases 
with increasing moment magnitudes and distances. R2 of correlation for all these cases are as large 
as approximately 0.96. In addition, trends in the DMFa with variations of the moment magnitudes 
and distances are compared with those with variations of the corresponding bandwidth factors in 
Figs. 9 and 10, respectively. It is found that the trend in the DMFa with variation of the bandwidth 
factor is consistent with the variation of the moment magnitude and distance. The favorable 
correlations in these figures support the ability of the derived bandwidth factor to reflect the 
seismological effects.

Figure 9. Comparison of trends in the DMFa with variations of the moment magnitudes and bandwidth factors for distances and 
damping ratios of (a) R = 20 km, ξ = 0.3 and (b) R = 20 km, ξ = 0.5.
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To further confirm the capability of the bandwidth factor to reflect the seismological effects, its 
correlations with magnitude, distance, and site conditions are analyzed based on real seismic 
records. For this purpose, 16660 seismic ground-motion records with a wide range of magnitude 
(4–9) and rupture distance (10–262 km) are selected from Strong-motion Seismograph Networks 
(K-NET, KiK-net) of Japan (NIED 1995). The magnitude Mj adopted in the K-NET and KiK-net is 
the Japan Meteorological Agency magnitude. The peak ground motion acceleration of each record 
is larger than 20 gal; this is set to guarantee a sufficient signal-to-noise ratio. These seismic ground 
motions were recorded at 338 stations in Japan. The average shear-wave velocity in the upper 
30 m (V30) of the stations varies from 106 to 1437 m/s, which cover the four site classes (B, C, D, 
and E) defined in the NEHRP (2000). Based on the criterion adopted by Hatzigeorgiou (2010), 
98% of these records are far-field (R > 20 km), no near-fault (< 10 km) motions are included, and 
2% of the records are in between. Then, representative results of the bandwidth factor ζb versus 
magnitude, site conditions, and rupture distance are presented in Fig. 11. It is evident from Fig. 11 
a and b that the bandwidth factor ζb is closely related to the magnitude. Similarly, Fig. 11 c and 
d show that the average value of the bandwidth factor ζb in each group classified based on 
magnitude and distance, is also closely related to site conditions. Poor correlation between the 
bandwidth factor ζb and the rupture distance is observed (Fig. 11 e and f). This is because 

Figure 10. Comparison of trends in the DMFa with variations of distances and bandwidth factors for moment magnitudes and 
damping ratios of (a) M = 5 km, ξ = 0.3 and (b) M = 5, ξ = 0.5.
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a magnitude range instead of a particular value is used for the investigation, and the effect of 
magnitude on ζb is much more significant than the effect of the rupture distance on ζb (Fig. 8). In 
general, the derived factor can reflect the main seismological effects.

Craifaleanu (2011) has tested other definitions of the frequency content measures and sustained the 
possible use of velocity spectrum-related parameters in describing the frequency content of narrow 
frequency band motions. The abilities of the four velocity-spectrum-related parameters, i.e., the 
predominant period TgSV, modified spectral characteristic period T*mean, modified central period 

Figure 11. Correlation between the bandwidth factor ζb and (a) magnitudes Mj for distances from 10 to 100 km, (b) magnitudes Mj 

for distances from 100 to 262 km, (c) site conditions for magnitudes Mj from 4.0 to 5.5, (d) site conditions for magnitudes Mj from 5.5 
to 9, (e) distances for magnitudes Mj from 4.0 to 5.5, and (f) distances R for magnitudes Mj from 5.5 to 9, based on real seismic records.
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T*cen, and modified shape factor q*, in reflecting the seismological effects on DMFa are also tested. 
Based on the results in Section 4, it is found that (not shown here) the four parameters are also closely 
related to magnitude and distance. Nevertheless, when they were applied to derive the 
DMFa formulation following the process in Section 6, the DMFa results using the derived bandwidth 
factor ζb are more stable and agree better with those of real seismic records than the velocity-spectrum- 
related parameters. Moreover, the bandwidth factor ζb can be more easily obtained from the accel
eration spectrum specified in seismic codes.

6. Practical DMFa Formulation

6.1. Proposal of the DMFa Formulation

According to the above discussions, a practical DMFa formulation considering the seismological 
effects is presented in this section. A large number of function forms were tested to fit the results of the 
DMFa in Section 4, by considering a balance between simplicity and accuracy. A piecewise linear 
function is found to adequately capture the main characteristics of the DMFa, and is expressed as 

DMFa ¼ 1þ DMFaðTminÞ� 1
Tmin

T0 T0 � Tmin
DMFaðTminÞ þ k0ðT0 � TminÞ T0 >Tmin

�

(27) 

where, DMFa(Tmin) is the minimum DMFa value; Tmin is the period corresponding to 
DMFa(Tmin), and k0 is a parameter responsible for controlling the increase rate of 
DMFa with the period at T0 > Tmin. Equation (27) is totally controlled by the three factors, i.e., 
Tmin, DMFa(Tmin), and k0.

As the DMFa is essentially unaffected by the seismological parameters at T0 ≤ Tmin (Figs. 2 and 3), 
Equation (27) is independent of these parameters for T0 ≤ Tmin. Therefore, the DMFa(Tmin) is 
a function of only the damping ratio ξ and is expressed as 

DMFa Tminð Þ ¼ 0:33=�0:34 (28) 

Figure 12 shows the accuracy of Equation (28).

Figure 12. Variation of DMFa(Tmin) with the damping ratio ξ.
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The DMFa is significantly affected by the seismological parameters for T0 > Tmin. Therefore, Equation 
(27) incorporates the seismological effects for T0 > Tmin. Section 5 indicates that the bandwidth 
parameter ζb can properly reflect the seismological effects. In addition, the seismological parameters 
influence the DMFa mainly by changing the increase rate with respect to the period for T0 > Tmin, which 
is reflected by k0 in Equation (27). Therefore, k0 is expressed as a function of ζb and regressed as 

k0 ¼ 0:075�e� 1:5log10ζb (29) 

Figure 13 shows the accuracy of Equation (29).
In addition, it is found from the results in Section 4 that Tmin varies slightly with the seismological 

parameters and almost do not change with the damping ratio. Therefore, Tmin is considered to be 
a function of ζb, and a simple equation is regressed as 

Tmin ¼ 0:7ζb þ 0:1 (30) 

Although the Tmin scattering seems large in Fig. 14, the DMFa accuracy is found to be not sensitive to 
that of Tmin.

Figure 13. Variation of the parameter k0 with the bandwidth factor ζb.

Figure 14. Variation of the period Tmin with the bandwidth factor ζb.
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Then the DMFa results by Equation (27) are compared with those calculated using the analytical 
approach (Equation (14)) and time-series analysis introduced in Section 4. Some representative 
comparisons are presented in Fig. 15. The DMFa results of Equation (27) are typically consistent 
with those obtained by the analytical approach and time-series analysis. Although the error at short 
periods (< 1 s) seems large in logarithmic coordinates, the relative average error at periods from 0.01 to 
10 s is limited to approximately 20%.

6.2. Comparison with Results of Seismic Records and Existing Formulations

The DMFa results by Equation (27) are further compared with those of real seismic records 
used in Section 5 as well as existing formulations in literatures (Hatzigeorgiou 2010; Lin and 
Chang 2004). The seismic records in each site class are divided into four groups according to 

Figure 15. Comparison of the DMFa results by Eq. (27), analytical approach (Eq. (14)), and time-series analysis for distances and 
damping ratios of (a) R = 20 km and ξ = 0.3, (b) R = 20 km and ξ = 0.5, (c) R = 126.2 km and ξ = 0.3, (d) R = 126.2 km and ξ = 0.5, (e) 
R = 200.01 km and ξ = 0.3, (f) R = 200.01 km and ξ = 0.5, respectively.
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magnitude and distance as shown in Figs. 16 and 17, considering a balance of records number. 
The average DMFa results in each group are compared with those calculated by Equation (27) 
and formulations of Lin and Chang (2004) and Hatzigeorgiou (2010). As similar trends are 
observed in the four site classes, only results of site classes C and D are shown as representa
tives in Figs. 16 and 17, respectively. It is evident from both figures that, results by Equation 
(27) agree well with those of real seismic records and better than those by formulations of Lin 
and Chang (2004) and Hatzigeorgiou (2010). Although the error of Equation (27) increases for 
large magnitude, the relative average error at periods from 0.01 to 10 s is limited to approxi
mately 20%.

6.3. Application of the DMFa Formulation

This section presents the applicability of Equation (27) in calculating the DMFa in the 
practical seismic design. Using the 5%-damped design spectra specified in Eurocode 8 (2004) 
and Japanese seismic code (2000), the DMFa and acceleration spectra for two damping levels 
(10% and 30%) are calculated. As the period of the design spectra in Eurocode 8 (2004) is 
limited to 4 s, Spa (6 s) used for the calculation of the bandwidth factor ζb is obtained by 

Figure 16. Comparison of the DMFa results by Eq. (27), statistical analysis of seismic records in site class C, and existing formulations 
in the literature for magnitudes and distances of (a) Mj = 4–5.5, R = 10–100 km, (b) Mj = 4–5.5, R = 100–262 km, (c) Mj = 5.5–9, 
R = 10–100 km, (d) Mj = 5.5–9, R = 100–262 km, respectively.
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extending the spectra based on the expression for long periods. Hence, parameters needed for 
Equation (27) are all available; the DMFa and acceleration spectra can be readily obtained and 
shown in Fig. 18. The obtained acceleration spectra are all normalized by PGA.

As can be seen from Fig. 18, the DMFa varies with the spectral type and site class owing to the 
variations in the frequency content. The spectra of Type 1 and Type 2 in Eurocode 8 (2004) are applied 
for seismic designs considering large and small surface-wave magnitude Ms (i.e., Ms > 5.5 and Ms ≤ 
5.5), respectively. The DMFa results are also found to be different for the two seismic codes. It should 
be noted that the definitions of the soil type are different in the two seismic codes. The DMFa results of 
the Japanese Seismic Design Code (2000) are relatively similar to those of the Type 1 spectra (Ms > 5.5) 
in Eurocode 8 (2004).

7. Conclusions

This study proposes a practical formulation for the damping modification factor of the true 
acceleration response spectrum (DMFa) considering the seismological effects (e.g., magnitude, 
distance, and site conditions). To this end, an analytical approach was developed based on 
random vibration theoryto systematically explore the seismological effects on DMFa, and clarify 
the key factor governing the seismological effects. The main findings of this study are summar
ized as follows:

Figure 17. Comparison of the DMFa results by Eq. (27), statistical analysis of seismic records in site class D, and existing formulations 
in the literature for magnitudes and distances of (a) Mj = 4–5.5, R = 10–100 km, (b) Mj = 4–5.5, R = 100–262 km, (c) Mj = 5.5–9, 
R = 10–100 km, (d) Mj = 5.5–9, R = 100–262 km, respectively.
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(1) The developed analytical approach can provide a good estimate of the DMFa compared to the 
results of the time-series analysis and allows systematical exploration of the seismological effects.

(2) The seismological effects on the DMFa are governed by the frequency content of the ground 
motions.

(3) The frequency content of the ground motions can be quantified using a bandwidth factor ζb, 
expressed as the ratio of acceleration spectral values at 6 and 0 s, which can be easily obtained from the 
design spectra.

(4) The proposed simple DMFa formulation incorporating the derived bandwidth factor ζb can be 
easily applied in the practical seismic design and give reasonable estimations of the DMFa compared 
to the results of real seismic records.
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