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Abstract
The response spectral ratio (RSR) used to construct a design spectrum that incorporates 
site effects is conventionally assumed to be independent of an earthquake scenario in lin-
ear analysis. However, recent studies have found that the RSR varies significantly with an 
earthquake scenario, even in linear analysis. In this study, an analytical RSR model that 
incorporates the effect of an earthquake scenario is proposed. To this end, the mechanism 
behind the effect of earthquake scenarios, i.e., the variation in the RSR with an earthquake 
scenario, is systematically investigated by comparisons with the scenario-independent Fou-
rier spectral ratio based on random vibration theory. The proposed RSR model is verified 
by comparing its results with those obtained from a SHAKE analysis considering a variety 
of actual soil conditions. Based on the proposed RSR model, the design spectrum incorpo-
rating site effects can be reasonably and easily constructed.

Keywords  Response spectral ratio · Effect of earthquake scenarios · Design spectrum · 
Fourier spectral ratio

1  Introduction

The ratio of the response spectrum on a ground surface to that on a reference bedrock 
plays an important role in the construction of a design spectrum (International Building 
Code (IBC) 2012; European Committee for Standardization CEN 2004; Japanese Seismic 
Design Code 2000). The response spectral ratio (RSR) reflects the site amplification effects 
on the response spectrum; by multiplying the RSR with the spectrum specified on the bed-
rock, a design spectrum incorporating site effects can be obtained. Many RSR models have 
been developed to construct a design spectrum (Borcherdt 1994; Dobry et al. 2000; Lam 
et al. 2001; Tsang et al. 2006, 2017; Zhang and Zhao 2018, 2019; Japanese Seismic Design 
Code 2000). The basic principle to develop RSR models is generally based on the Fou-
rier spectral ratio (FSR), which categorizes the RSR into linear and nonlinear components. 
The nonlinear component reflects the modification of soil properties resulting from the 
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nonlinear hysteretic behavior of the soil when exposed to strong levels of excitation. The 
linear component is from the site and independent of the earthquake scenario.

However, recent studies have found that even in linear analysis, the RSR is affected not 
only by the properties of soil profiles but also by those of earthquake scenarios (Zhao et al. 
2009; Zhao and Zhang 2010). Bora et al. (2016) and Stafford et al. (2017) presented a theo-
retical explanation for this phenomenon and further pointed out that the effect of the earth-
quake scenario is particularly significant in very short periods. Zhang and Zhao (2021) 
investigated the variation in the RSR with earthquake scenarios by comparing the RSR and 
FSR based on statistical analyses of seismic records. Figure 1 presents a case study of an 
elastic single-layer soil profile on a half-space bedrock subjected to different earthquake 
motions. It can be observed that in contrast to the FSR, the RSR varies significantly with 
the input earthquake motion, even in linear analysis.

When the RSRs used for seismic design are derived based on statistical analyses of 
seismic records from one region and applied to this or another region with similar seis-
mological properties (including various factors affecting characteristics of the earthquake 
scenario, e.g., tectonic context, source mechanisms, and attenuation), ignoring the effect 
of earthquake scenarios on the RSR may not have significant impacts on the design spec-
trum. This is because to a certain extent, the effect of earthquake scenarios in this region 
has been included in the statistical analysis. However, when the RSRs from a region are 
applied to other regions with completely different seismological properties (such applica-
tions often occur in regions with a lack of seismic records for the statistical analysis (Tsang 
et al. 2006)), ignoring the effect of the earthquake scenario on the RSR can lead to certain 
unrealistic behaviors of the design spectrum. This is because, as mentioned previously, dif-
ferent characteristics of the earthquake motion may lead to completely different values of 
the RSR.

In principle, the dependency of the RSR on earthquake scenarios can be reflected 
through site response analyses (Idriss and Sun 1992; Park and Hashash 2004). However, 
these analyses require time-history input instead of the response spectrum, which is gen-
erally not available in seismic codes. Although time histories can be generated from the 
bedrock spectrum, this will not only introduce more assumptions, such as the duration, 
envelope function, and phase angle of the ground motion, but also needs to generate a set 
of motions and perform many time analyses to obtain stable estimates.

In this study, a simple analytical RSR model that considers the effect of earthquake 
scenarios is proposed. Hence, the mechanism behind the effect of earthquake scenarios, 

Fig. 1   Response spectral ratios 
for different input earthquake
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i.e., the variation in the RSR with the earthquake scenario for linear analysis is system-
atically investigated in Sects. 2 and 3. Because the FSR is independent of the earthquake 
scenario for linear analysis, the effect of earthquake scenarios on the RSR is explored 
by comparing the RSR with the FSR based on random vibration theory (RVT). Based 
on this, an analytical model for the RSR that considers the effect of earthquake sce-
narios is presented in Sect. 4. Finally, in Sect. 5, the proposed RSR model is verified by 
a comparison with SHAKE analysis results while considering a variety of actual soil 
conditions.

2 � Expression for the RSR

To develop an RSR model considering the effect of earthquake scenarios, the mecha-
nism of the effect of earthquake scenarios, i.e., the variation in the RSR with earth-
quake scenarios for linear analysis should be clarified. Stafford et al. (2017) presented 
an approach for the analysis of the RSR based on RVT, which is efficient for solving this 
problem. According to the RVT, the response spectrum R(𝜔̄, h0) can be obtained from 
the zeroth moment of the Fourier amplitude spectrum (FAS) of the response of a single-
degree-of-freedom (SDOF) oscillator (Boore 1983, 2003), which is expressed as

where 𝜔̄ and h0 are the circular frequency and damping ratio of the SDOF oscillator (here-
after referred to as the oscillator), respectively; pfr and Dr are the peak factor and duration 
of the oscillator response, respectively; and m0,r is the zeroth moment of the FAS of the 
oscillator response.

Thus, the RSR can be obtained by dividing the ground-surface response spectrum by 
the bedrock response spectrum, which is expressed as

where, pf rs and pf rb are the peak factors of the oscillator responses for the ground surface 
and reference bedrock motions, respectively; Drs and Drb are the durations of the oscillator 
responses for the ground surface and bedrock motions, respectively; m0,sr and m0,br denote 
the zeroth spectral moments of the oscillator responses for the ground surface and bedrock 
motions, respectively. Here, the reference bedrock motion is assumed to represent the inci-
dent motion beneath the soil profile corresponding to the ground-surface motion.

The zeroth spectral moment of the bedrock motion’s oscillator response m0,br can be 
obtained from the FAS of the bedrock motion’s oscillator response by

where � is the circular frequency, AB(�) is the FAS of the bedrock motion, and H0(𝜔, 𝜔̄, h0) 
is the SDOF transfer function, expressed as

(1)R(𝜔̄, h0) =
pf r√
Dr

√
m0,r

(2)RSR(𝜔̄, h0) =

�
m0,sr

m0,br

×
pf rs∕

√
Drs

pf rb∕
√
Drb

(3)m0,br =
1

𝜋 ∫
∞

0

||AB(𝜔)|H0(𝜔, 𝜔̄, h0)|||2d𝜔
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Similarly, the zeroth spectral moment of the ground-surface motion’s oscillator response 
m0,sr can be obtained from the FAS of the ground-surface motion’s oscillator response by

Here, AS(�) is the FAS of the ground-surface motion, which can be obtained from the 
bedrock-motion FAS via

where T(ω) is the site transfer function and |T(�)| represents the Fourier spectral ratio 
(FSR) between the seismic motion on the ground surface and that on the reference bedrock. 
As the paper focuses on the response spectrum of acceleration, throughout the paper, the 
response spectra, Fourier spectra, and transfer functions are all for acceleration.

Stafford et  al. (2017) assume that the peak factor and duration of the ground-surface 
motion’s oscillator response ( pf rs , Drs) are equal to those of the bedrock motion’s oscillator 
response ( pf rb , Drb), thus, Eq.(2) can be simplified as

However, many studies have reported that the duration of a seismic motion can be modi-
fied by the site response (Kottke and Rathje 2013; Wang and Rathje 2016) and then the 
oscillator response (Liu and Pezeshk 1999, and Boore and Thompson 2012, 2015). Thus, 
the duration of the ground-surface motion’s oscillator response, Drs, should be different 
from that of the bedrock motion’s oscillator response, Drb (Kottke and Rathje 2013; Wang 
and Rathje 2016). To be more precise, the effects of the duration and peak factor on the 
RSR are considered in this study using Eq.(2). In addition, for convenience in the following 
analysis, Eq. (2) is rearranged as

where W(𝜔, 𝜔̄) is the square of the FAS of the bedrock motion’s oscillator response, 
expressed as

Many equations have been proposed for the peak factor (Cartwright and Longuet-Hig-
gins1956; Davenport 1964; Vanmarcke 1975), among which the equation reported by Cart-
wright and Longuet-Higgins (1956) is commonly used in engineering seismology and site-
response applications. In RVT analysis, the expected value of the peak factor is commonly 
used. For large numbers of extrema, the equation for the expected value of the peak factor 
of a seismic motion, p̄f  , reported by Cartwright and Longuet-Higgins (1956) can be sim-
plified as

(4)
||H0(𝜔, 𝜔̄, h0)

|| = 𝜔̄2

√
(2ho𝜔𝜔̄)

2+(𝜔2−𝜔̄2)2

(5)m0,sr =
1

𝜋 ∫
∞

0

||AS(𝜔)|H0(𝜔, 𝜔̄, h0)|||2d𝜔

(6)AS(�) = AB(�)|T(�)|

(7)Amp(𝜔̄, h0) =

√
m0,sr

m0,br

(8)RSR(𝜔̄, h0) =

����∫ ∞

0
W(𝜔, 𝜔̄)�T(𝜔)�2d𝜔
∫ ∞

0
W(𝜔, 𝜔̄)d𝜔

×
pf rs∕

√
Drs

pf rb∕
√
Drb

(9)W(𝜔, 𝜔̄) = A2
B
(𝜔)|H0(𝜔, 𝜔̄, h0)|2



Bulletin of Earthquake Engineering	

1 3

where Nz represents the number of zero crossings, which can be expressed as

Here, m0 and m2 are the zeroth and second moments of the FAS of the seismic motion, 
respectively.

3 � Investigating the effect of earthquake scenarios

This section explores the effect of earthquake scenarios on the RSR using Eq. (8). Equa-
tion (8) is the product of two terms: the first term is determined by |T(�)|2 and W(𝜔, 𝜔̄) , 
and the second term is determined by the durations and peak factors. The characteristics 
of these two terms are investigated in the following two sections. Then, the effect of earth-
quake scenarios on the RSR is discussed according to the characteristics. Because the 
RSR and FSR are often used to characterize site effects, and the FSR is independent of 
the earthquake scenario for linear analysis, the effect of earthquake scenarios on the RSR 
is explored by comparing the two spectral ratios. Although the FSR, T(ω), and RSR are 
functions of circular frequency, the two frequencies are physically different: the FSR one � 
is the circular frequency of the seismic motion’s FAS, whereas the RSR one 𝜔̄ is the oscil-
lator circular frequency.

3.1 � Characteristics of the first term

3.1.1 � Mathematical considerations

To investigate the first term, its mathematical characteristics are analyzed. It is found that 
the part under the radical sign of the first term represents a weighted average of the values 
of |T(�)|2 , with W(𝜔, 𝜔̄) acting as the weight function. The value of the square of the first 
term at any circular oscillator frequency 𝜔̄ equals the weighted average of all values of 
|T(�)|2 at frequencies from zero to infinity (Hz), and the weight W(𝜔, 𝜔̄) is distributed as a 
function of the circular frequency � . For values of the first term at different circular oscil-
lator frequencies, Eq. (9) shows that the weight function W(𝜔, 𝜔̄) varies with the oscillator 
frequency 𝜔̄ . Equation  (9) indicates that the weight function W(𝜔, 𝜔̄) further varies with 
the FAS of the bedrock motion AB(�) . Figure 2 illustrates calculating the square of the first 
term at a circular oscillator frequency 𝜔̄ . The weighted average is used to investigate the 
characteristics of the first term as described in the further subsections.

3.1.2 � Weight function

In the calculation of the weighted average, i.e., the first term, the weight function W(𝜔, 𝜔̄) 
plays a critical role; thus, its characteristics are investigated in this section. According 
to Eq.  (9), W(𝜔, 𝜔̄) equals the product of |H0(𝜔, 𝜔̄, h0)|2 and AB

2(�) . Figure 3a indicates 
that the SDOF transfer function |H0(𝜔, 𝜔̄, h0)| (h0 = 5% in this study) conventionally has 

(10)p̄f = [2ln(Nz)]
1∕2 +

0.5772

[2ln(Nz)]
1∕2

(11)Nz =
1

�

√
m2

m0
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a narrow-band peak at the oscillator period To (To = 2π/𝜔̄ ), and decreases rapidly to zero 
and unity as the period decreases and increases, respectively. Thus, multiplying AB

2(�) 
by |H0(𝜔, 𝜔̄, h0)|2 generally results in very large values at periods around To and small val-
ues at longer and shorter periods. This implies that the bandwidth of the weight function 
W(𝜔, 𝜔̄) is generally very narrow, with main weights concentrated around the oscillator 
period To, as shown in Fig. 2. However, when the oscillator period To is very short, the 
situation is very different. As illustrated in Fig. 3a, with decreasing oscillator period To, 
the region of |H0(𝜔, 𝜔̄, h0)| with values near unity (periods longer than To) increases, the 
weight function W(𝜔, 𝜔̄) becomes approximately equal to AB

2(�) at a wide range of peri-
ods longer than To. When the oscillator period To is decreased to zero, |H0(𝜔, 𝜔̄, h0)| equals 
unity at all periods, and the weight function W(𝜔, 𝜔̄) becomes equal to AB

2(�) . Therefore, 
when the oscillator period To is very short, the bandwidth of the weight function W(𝜔, 𝜔̄) is 
similar to that of AB(�) with weights distributed over a broad range of periods.

To demonstrate these characteristics of the weight function, several calculations were 
conducted considering three levels of bedrock motion with M = 3, R = 10  km, M = 5, 
R = 10 km, and M = 5, R = 200 km, and two oscillator frequencies. The FAS of the input 
bedrock motion for the analyses was generated by the Stochastic-Method SIMulation 

Fig. 2   Calculating the square of 
the first term at a circular oscilla-
tor frequency 𝜔̄
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(SMSIM) program (Boore 2005). The important seismological parameters used to define 
the FAS were determined according to Boore (2003) and summarized in Table  1. The 
results obtained are shown in Fig. 4. In addition, to quantify the bandwidth of the weight 
function, a parameter �(�max) reported by Bora et al. (2016) is used

Periods corresponding to �(�max) = 0.05 and 0.95 are shown in Fig. 4. Here, �max is 
the upper circular frequency used in the integration. The interval of the two periods can 
be used to represent the bandwidth of the weight function. The results in Fig. 4 support 
that for the long oscillator period (To = 3 s), the bandwidth of the weight function is very 

(12)𝜑(𝜔max) =
∫ 𝜔max

0
W(𝜔, 𝜔̄)d𝜔

∫ ∞

0
W(𝜔, 𝜔̄)d𝜔

Table 1   Parameters used in generating the FAS of the rock motion

Parameter Value

Source spectrum Brune ω-squared point source
Stress drop Δσ (bar) 100
Site diminution k (s) 0.04
Density of crust ρ (g/ cm3) 2.8
Shear-wave velocity of crust β (km/s) 3.7
Crust amplification Boore and Joyner (1997) Generic Rock
Geometrical spreading Atkinson and Boore (1995) and Fran-

kel et al. (1996)
Path attenuation Q = 680f 0.38

Fig. 4   Dependence of the weight function on the oscillator frequency, magnitude, and distance. The rows 
from top to bottom correspond to oscillator periods of To = 3 and 0.03 s, respectively. The columns from 
left to right correspond to magnitude and distance of M = 3, R = 10  km, M = 5, R = 10  km, and M = 5, 
R = 200 km, respectively
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narrow with the main weights concentrated around the oscillator period, and for the very 
short oscillator period (To = 0.03 s), the bandwidth widens with weights distributed over a 
broad range of periods.

As discussed previously, the weight function W(𝜔, 𝜔̄) is also affected by the FAS of the 
bedrock motion. When the bedrock-motion FAS changes, the distribution of the weight 
with the circular frequency changes. The FAS increases with an increase in magnitude, and 
the long-period components generally increase more than the short-period components, as 
shown in Fig. 3b. The FAS decreases with increasing distance, and the long-period com-
ponents generally decrease less than the short-period components, as shown in Fig.  3b. 
Therefore, at long oscillator periods, the weights at periods around To increase relative to 
those at short periods with increasing magnitude and distance. This means that the weight 
concentrates at the oscillator period To with increasing magnitude and distance. This con-
clusion is demonstrated in Fig. 4, which shows that for long oscillator periods, the band-
width of the weight function decreases with increasing magnitude and distance. However, 
when the oscillator period is very short, because the weight function W(𝜔, 𝜔̄) is dominated 
by AB

2(�) and the period band of AB(�) increases with increasing magnitude and distance 
(Fig. 3b), the weights distribute over a broader range of periods. This conclusion is demon-
strated in Fig. 4, which shows that at short oscillator periods, the bandwidth of the weight 
function increases with increasing magnitude and distance.

3.1.3 � Conclusions based on the weighted average

Based on weighted average and properties of the weight function, the characteristics of the 
first term can be understood. The value of the square of the first term at any circular oscil-
lator frequency 𝜔̄ equals the weighted average of values of |T(�)|2 at frequencies from zero 
to infinity (Hz). As the weighted average of a set of values cannot exceed their maximum 
value or decrease than their minimum value, every value of the square of the first term is 
smaller than the maximum value of |T(�)|2 and larger than the minimum value of |T(�)|2 . 
Therefore, every value of the first term is smaller than the maximum value of |T(�)| and 
larger than the minimum value of |T(�)| . The minimum value of |T(�)| equals zero when 
the period approaches zero. It worth emphasizing again that |T(�)| represents the FSR. 
These properties imply that the maximum value of the first term is consistently smaller 
than that of the FSR, and the value of the first term always exceeds zero and differs from 
that of the FSR in the short-period band.

To demonstrate the characteristics of the first term, simple cases of a soil layer with a 
constant velocity underlain by a rock half-space are considered. The thickness H of the 
soil layer and shear-wave velocity of the rock half-space VB are varied, as summarized in 
Table 2. The shear-wave velocity of the soil layer VS was set as 300 m/s, and the damping 
ratio h was set as 0.1 for the soil layer and 0 for the bedrock. Ten soil profiles were cre-
ated and named as sites 1–10, as listed in Table 2. The impedance ratio a of soil layer to 

Table 2   Characteristics of the created sites

Name Site 1 Site 2 Site 3 Site 4 Site 5 Site 6 Site 7 Site 8 Site 9 Site 10

H (m) 7.5 15 37.5 75 150 7.5 15 37.5 75 150
Vs (m/s) 300
VB (m/s) 600 1500
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rock layer is 0.5 for sites 1–5 and 0.2 for sites 6–10. The undamped fundamental period 
T1 of the sites ranges from 0.1 s for the shallowest site to 2 s for the deepest site. In addi-
tion, five levels of input bedrock motions with M = 3, R = 10 km, M = 5, R = 10 km, M = 7, 
R = 10 km, M = 5, R = 100 km, and M = 5, R = 200 km were considered. The first term of 
each soil profile is estimated for all considered FASs of the input bedrock motion. Then, 
the calculated results for the first term are compared with those for the FSR at the same 
frequency values. Comparisons of the results using site 8 as a representative are shown in 
Fig. 5. Comparisons of the first term and FSR for all sites support that the maximum value 
of the first term is consistently smaller than that of the FSR, and the value of the first term 
differs from that of the FSR in the short-period band.

In addition, while calculating the value of the first term at long oscillator periods, 
because the weight for the value of |T(�)|2 at the oscillator period To is much larger than 
those for values at other periods, the value of the first term (weighted average of the values 
of |T(�)|2 ) at an oscillator period To is dominated by values of |T(�)| around the oscilla-
tor period To, as illustrated in Fig. 2. Therefore, the first term is similar to the FSR at long 
oscillator periods. Further, the overall shapes of the first term and FSR are similar, and they 
reach their maximum values at the same period, as shown in Fig. 5. However, while cal-
culating the value of the first term at very short oscillator periods, because the weights are 
distributed over a broad range of periods, the value of the first term (weighted average of 
the values of |T(�)|2 ) at an oscillator period is controlled by values of |T(�)| over a broad 
range of periods. Therefore, the first term is very different from the FSR at short oscillator 
periods, as shown in Fig. 5. This was also reported by Bora et al. (2016) and Stafford et al. 
(2017).

Moreover, at long oscillator periods, because the bandwidth of the weight function 
decreases with increasing magnitude and distance, the value of the first term at an oscil-
lator period is further affected by the value of |T(�)| at the same period. Therefore, the 
value of the first term gradually approaches that of the FSR with increasing magnitude and 
distance at long oscillator periods, as shown in Fig. 5. For short oscillator periods, because 
the bandwidth of the weight function increases with increasing magnitude and distance, the 
value of the first term is affected by values of |T(�)| at a wider range of periods. Therefore, 
the difference in values of the first term and FSR at very short oscillator periods tends to 

(a) (b)

Fig. 5   Variation in the first term with a magnitude and b distance of the earthquake scenario for site 8
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increase with increasing magnitude and distance, as shown in Fig. 5. In addition, it is noted 
that the first term varies more significantly with magnitude than distance. At 0.03 and 3 s, 
the average rates of change of the first term with magnitude are 18% and 7.6%, respec-
tively, while those with distance are only 0.15% and 0.0013%, respectively.

Further identifying the key factor governing the effect of earthquake scenarios on the 
first term is helpful. Equations (8) and (9) show that the earthquake affects the first term by 
changing the weighted function. In addition, the results of the weighted average, i.e., first 
term, are determined by the distribution of the weight function with the circular frequency 
ω instead of its absolute values. Because the shape of the ground-motion FAS changes the 
distribution of the weight function, the effect of earthquake scenarios on the first term is 
governed by the shape of the ground-motion FAS. The shape of the ground-motion FAS 
represents the frequency content of the ground motion; therefore, the effect of the earth-
quake scenario on the first term is governed by the ground-motion frequency content.

3.2 � Characteristics of the second term

To investigate the characteristics of the second term, the second term in Eq. (8) is analyzed. 
The second term can be considered as the product of pf rs∕pf rb and 

√
Drb∕Drs , which repre-

sent the rates of change of the peak factor and duration of the oscillator response generated 
by the site response, respectively. Generally, the peak factor varies little with the affected 
parameters. The variation in the peak factor p̄f  with the number of zero crossings Nz is 
estimated using Eq.  (10). It is found that when the value of Nz varies from 20 to 1,000, 
the value of p̄f  changes by only 1.74, and the average rate of change of p̄f  with Nz is 
only 0.0175%. This means that even when the site response changes Nz appreciably, the 
change in p̄f  is small, and thus, pf rs∕pf rb is generally near unity. Representative results for 
pf rs∕pf rb for site 8 estimated using Eq. (10) are shown in Fig. 6. It is found that all values 
of pf rs∕pf rb are around unity and become closer to unity with increasing magnitude and 
distance. Therefore, the second term is dominated by the duration part, 

√
Drb∕Drs.

The duration ratio Drs∕Drb was calculated for a range of site conditions and input 
motions in previous studies (Kottke and Rathje 2013; Wang and Rathje 2016). Because 
the second term is inversely proportional to Drs∕Drb , using the characteristics of the 
duration ratio Drs∕Drb derived in the previous studies, the characteristics of the second 
term can be understood. Previous studies found that the shape of Drs∕Drb is very similar 

Fig. 6   Rate of change of peak factor of oscillator response generated by site response
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to that of the FSR, and their peaks occur at the same site’s natural periods (Kottke and 
Rathje 2013). This implies that the minimum valley value of the second term and maxi-
mum value of the FSR occur at the same period. In addition, it was found that the dura-
tion of the oscillator response at the fundamental period is generally extended by site 
response (Wang and Rathje 2016); the peak value of Drs∕Drb at the fundamental period 
are always greater than unity. This implies that the minimum valley value of the sec-
ond term is consistently smaller than unity. Moreover, the peak value of Drs∕Drb at the 
fundamental period was found to decrease to unity with increasing magnitude (Wang 
and Rathje 2016). This implies that the minimum valley value increases to unity with 
increasing magnitude.

To demonstrate the characteristics of the second term, further analyses were conducted 
for the series of site conditions and input motions considered above. To accurately obtain 
the values of the second term, the second term is estimated using time-history analysis by 
the program Strata (Kottke and Rathje 2008), which has been widely used as a reference to 
calibrate the RVT-based analyses. The input time histories for the time-history analysis are 
generated from the FAS by the program SMSIM (Boore 2005) using stochastic simulation 
(Boore 1983). According to Atkinson and Silva (2000), the duration Dgm of the time his-
tory is determined using Dgm = 1∕f0+0.05R , where f0 is the corner frequency representing 
the frequency below which the FAS decays. For each FSA, a suite of 100 time histories is 
generated, and the simulated time histories match the FAS on average.

Then, the surface response spectral accelerations of each soil profile for all the gener-
ated time histories were calculated. For each magnitude, the 100 corresponding bedrock 
response spectra and surface response spectra of each soil profile were averaged. The 
RSR is obtained as the ratio of the average surface response spectrum to the average 
bedrock response spectrum. Subsequently, using Eq. (8), the values of the second term 
are obtained as the quotient of the RSR to the first term obtained above. Representative 
results and their corresponding FSRs for the second term of site 8 are shown in Fig. 7. 
All comparisons of the second term and FSR support that the minimum valley value of 
the second term is consistently smaller than unity and increases to unity with increasing 
magnitude. In addition, it was found that the shapes of the second term are much flatter 
when compared with those of the FSR, all values of the second term approach unity, and 
the shape of the second term tends to flatten with increasing magnitude and distance.

(a) (b)

Fig. 7   Variation in the second term with a magnitude and b distance of the earthquake scenario for site 8
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3.3 � Characteristics of the effect of earthquake scenarios on the RSR

Based on the characteristics of the first and second terms established in the previous 
two sections, the characteristics of the effect of earthquake scenarios on the RSR are 
discussed in this section.

According to the characteristics: (1) at long periods, the values of the first term grad-
ually approach those of the FSR with increasing magnitude and distance, and (2) the 
values of the second term approach unity, and the shape of the second term tends to 
flatten with increasing magnitude and distance. It can be inferred that the values of the 
RSR at long periods gradually approach those of the FSR with increasing magnitude 
and distance. The values of the RSR obtained above are compared with those of the 
FSR, and representative comparisons for site 8 are presented in Fig. 8, all results sup-
port this inference.

According to the characteristics: (1) the maximum values of the first term and FSR 
occur at the same period, and the maximum value of the first term is consistently 
smaller than that of the FSR, and (2) the minimum valley value of the second term and 
maximum value of the FSR occur at the same period while the minimum valley value 
of the second term is consistently less than unity. It can be inferred that the maximum 
value of the RSR should be consistently smaller than that of the FSR. This is reported 
in Fig. 8 and previous statistical analyses (Rosenblueth and Arciniega 1992; Zhang and 
Zhao 2021).

According to the characteristics: (1) the overall shape of the first term is similar to 
that of the FSR and the maximum values of the first term and FSR occur at the same 
period, and (2) the shape of the second term is much flatter when compared with that 
of the FSR, and all values of the second term are approximately unity. Hence, it can be 
inferred that the overall shape of the RSR should be similar to that of the FSR, and the 
maximum values of the RSR and FSR should occur at the same period, as shown in 
Fig. 8. This conclusion is consistent with that based on statistical analysis (Dobry 1991; 
Zhang and Zhao 2021).

According to the characteristics: (1) the values of the first term and FSR in the short-
period band are very different, and the difference tends to increase with increasing 

(a) (b)

Fig. 8   Variation in the RSR with a magnitude and b distance of the earthquake scenario for site 8
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magnitude and distance, and (2) all the values of the second term approach unity with 
increasing magnitude and distance. It can be inferred that the values of the RSR and 
FSR in the short-period band are different, and the difference tends to increase with 
increasing magnitude and distance, as shown in Fig. 8.

Moreover, according to the characteristics: (1) the effect of earthquake scenarios on 
the first term is governed by the ground-motion frequency content, and (2) the effect of 
earthquake scenarios on the second term is much smaller than that on the first term (at 
0.03 and 3 s, the average rates of change of the first term with magnitude are 18% and 
7.6%, respectively, while the average rates of change of the second term with magnitude 
are only 0.22% and 2.3%, respectively). It can be inferred that the effect of earthquake 
scenarios on the RSR is governed by the ground-motion frequency content.

3.4 � Effect of earthquake scenarios in seismic design

This section further investigates the importance of the effect of earthquake scenarios 
on the RSR in practical seismic design. Hence, nonlinear site response analyses of an 
actual soft soil site considering two different bedrock spectra defined in the ASCE/SEI 
7-10 (2011) were performed. The two bedrock spectra are shown in Fig. 9a), and the 
shear-wave velocity profile of the soil site is shown in Fig. 12e. The SHAKE program 
(Idriss and Sun 1992) is adopted for the nonlinear site response analysis. Because the 
SHAKE requires time-history inputs, time histories are generated from the bedrock 
spectrum using the software ARTEQ (Kozo Keikaku Engineering Inc.). To obtain reli-
able results, 10 time histories were generated for each bedrock spectrum. Then the time-
history response is obtained at the ground surface based on the frequency-domain analy-
sis of SHAKE, and then its response spectrum can be obtained. It can be observed from 
Fig.  9b that the average RSRs for the two bedrock spectra are significantly different, 
particularly in short periods. The difference may be caused by the effect of earthquake 
scenarios or the difference in the degree of soil nonlinearity induced by the two spectra. 
Figure  9c shows that the FSRs are approximately equal for the two bedrock spectra, 
i.e., the degree of soil nonlinearity induced by the two spectra is approximately equal. 
Therefore, the effect of earthquake scenarios on the RSR is important even for practical 
seismic design that considers soil nonlinearity.

(a) (b) (c)

Fig. 9   Effect of earthquake scenarios in practical seismic design a two bedrock spectra in ASCE/SEI 7-10 
(2011), b RSR results for the two bedrock spectra, and c FSR results for the two bedrock spectra
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4 � Analytical RSR model considering the effect of earthquake scenarios

In this section, an analytical model for the RSR considering the effect of earthquake scenarios 
is developed. According to the discussions in Sect. 3, to consider the effect of earthquake sce-
narios, the parameters determining the earthquake scenario, such as magnitude and distance, 
should be incorporated in the RSR model. However, because these parameters are generally 
not available in seismic codes, while adopting response spectrum as the seismic load, explic-
itly incorporating them in the RSR model is unrealistic for seismic design. The discussions in 
Sect. 3 indicate that although the RSR varies with the earthquake motion, the RSR is related 
to the scenario-independent FSR. This study attempts to incorporate the effect of earthquake 
scenarios into the RSR model based on these regular relationships.

4.1 � Proposed RSR model

According to Sect. 3, (1) the overall shape of the RSR is similar to that of the FSR, (2) for a 
wide range of long periods, values of the RSR are similar to those of the FSR, and (3) when 
the magnitude and distance of the earthquake motion increase, the values of the RSR become 
approximately equal to those of the FSR, particularly for long periods. Because the design 
response spectrum generally corresponds to a relatively large magnitude and far distance, the 
design values of the RSR can be determined based on the scenario-independent FSR at most 
long periods. In addition, because the maximum values of the RSR and FSR occur at the same 
site fundamental period, and the FSR values consistently exceed the RSR values, the authors 
suggest using the maximum of the FSR as the design value for that of the RSR to ensure a 
conservative design for any input earthquake. However, at very short periods, because the two 
spectral ratios are different, the RSR cannot be determined with a similar approach. However, 
because the RSR at the period of zero equals the site amplification ratio for the peak accel-
eration (RPA), the RSRs in the short-period band can be estimated using the RPA. Based on 
these characteristics, a simple model for the RSR is proposed as

where T1 and RFT1
 represent the site fundamental period and corresponding maximum 

value of the FSR, respectively.
Figure 10 presents an illustration of the proposed RSR model. The RSR model is con-

trolled by two critical points, viz. RFT1
 and RPA, which can be easily determined. RFT1

 and 
T1 can be obtained using the following well-known equations (Zhang and Zhao 2018)

where a is the impedance ratio of the soil layer to the rock layer, and h is the soil damping 
ratio. The equation for the RPA is discussed in the following section. The overall function 
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form of the RSR model is determined by trying a large number of functions while consid-
ering a balance between the simplicity and accuracy. The accuracy of the proposed model 
is quantified by the average relative error of the RSRs at periods from 0 to 10 s. The RSR 
model envelops the FSR and RPA at long and very short periods and satisfies the boundary 
conditions that the value decreases to the RPA and unity when the period To approaches 
zero and infinity, respectively. In addition, the effect of the soil damping ratio on the site 
fundamental period is also considered in the RSR model by setting a platform from T1 to 
1.1 T1, as shown in Fig. 10.

Equations (14) and (15) are developed based on a single-layer soil profile on the bed-
rock. For multi-layer soil profiles on bedrock, the multiple soil layers can be replaced by 
an equivalent single layer by weighted averaging the shear-wave velocity Vi of each soil 
layer,

or using the more accurate method developed by Zhang and Zhao (2018). Here, Hi rep-
resents the thickness of each soil layer. In addition, the soil nonlinear behavior, including 
the degradation of the shear-wave velocity and increase in the soil damping ratio, can be 
considered using the method reported by Inoue et al. (2010) and Tsang et al. (2006). The 
RSR can be easily constructed using the proposed model. Then, by multiplying the bed-
rock response spectrum defined in seismic codes or generated using ground motion predic-
tion models, the design spectrum can be obtained.

When applying the proposed model in seismic design, engineers need to be aware of 
the conservatism incorporated in the model, i.e., using the maximum of the FSR as the 
design value for that of the RSR, to avoid adding unnecessary conservatism.

4.2 � Simple equation for the RPA

To obtain the RSR using Eq. (13), the RPA should be determined. This section presents 
a simple equation for the estimation of RPA. Because the RSR at the period of zero 
equals the RPA, according to Eq. (8), the RPA can be expressed as

(16)Vs =

∑n

i=1
ViHi

H

Fig. 10   Proposed model for the 
RSR
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where Db and pf b represent the duration and peak factor for the bedrock motion, respec-
tively, and Ds and pf s represent the duration and peak factor for the ground-surface motion, 
respectively.

By comparing the results in Sects. 3.1 and 3.2, it is found that Eq. (8) is dominated by 
the first term. Thus, it can be inferred that Eq.  (17) is also dominated by the first term. 
Based on the mathematical characteristics of the first term, the square of the RPA can be 
considered as a weighted average of the values of |T(�)|2 , and the square of the FAS of 
the bedrock motion, A2

B
(�) , acts as the weight function. The weighted average value of 

|T(�)|2 must lie between the maximum and minimum values of |T(�)|2 and equal to the 
value of |T(�)|2 at a certain period TF. This means that the RPA equals the value of |T(�)| 
at a period TF. Generally, |T(�)| varies significantly with the period owing to the resonance 
effect, and it was found that using an equation for the average of |T(�)| derived by Stafford 
et al. (2017) can obtain a better estimation of the RPA than using the equation of |T(�)| . 
Thus, the RPA is expressed as

To incorporate this equation in seismic design, an empirical equation is developed to 
relate the period TF to a period TP corresponding to the peak value of the bedrock spec-
trum. The RPAs of the ten soil profiles considering the five levels of bedrock motions in 
Sect. 3 were analyzed using the SHAKE program, and an equation, TF = 1.5TP, is regressed 
for Eq. (18) to yield a best prediction of the RPA, as shown in Fig. 11a. Ten time histo-
ries were generated for each FAS by the program SMSIM (Boore 2005) for the SHAKE 
analysis. The average value of RPAs for each FAS is used for the regression in Fig. 11a. 
Equation (18) is further verified using two levels of bedrock spectra defined in the Japanese 
Seismic Design Code (2000). Figure 11b shows that Eq. (10) can provide a very good pre-
diction of the RPA for the bedrock spectra in the Japanese Seismic Design Code (2000). 
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(a) (b)

Fig. 11   Comparison of results of the RPA calculated by the proposed equation and SHAKE program using 
the bedrock spectra a used in Sect. 3, and b defined in Japanese Seismic Design Code
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Here, TP corresponds to the mean value of the first and second corner periods correspond-
ing to the start and end of the acceleration plateau. Similarly, for the SHAKE analysis in 
Fig.  11b, 10 time histories for each response spectrum were generated, and the average 
value of RPAs for each response spectrum was used for comparison.

5 � Verification of the proposed model

In this section, the proposed model for the estimation of the RSR is verified. Hence, a 
variety of actual multi-layer soil sites in Japan are used; they are named as sites 11–18, and 
their shear-wave-velocity profiles are presented in Fig. 12. Since shear-wave-velocity pro-
files beyond 30 m can also significantly affect the site response (Régnier et al. 2014), soil 
profiles with a variety of depths and shear-wave velocities of the bedrock are selected. The 
depth to the bedrock varies from 17.6 to 150 m, shear-wave velocity of the bedrock varies 
from 350 m/s to 2900 m/s. The shear-wave velocity of the soil varies from 80 to 390 m/s, 
and two sites with shear-wave velocity inversions (Fig. 12b, f) are included. Sites 11–14 are 
obtained from Koyamada et al. (2004), and their soil nonlinear properties were obtained 
by laboratory experiments using natural soil samples. Sites 15–18 are selected from 
strong-motion seismograph networks (K-NET, KIK-net) of Japan, and their soil nonlinear 

(a) (b) (c) (d)

(e) (f) (g) (h)

Fig. 12   Shear-wave-velocity profiles of eight actual soil sites in Japan a site 11, b site 12, c site 13, d site 
14, e site 15, f site 16, g site 17, and h site 18
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properties are determined empirically based on the Japanese Seismic Design Code (2000). 
The station codes of the four sites are presented in Fig. 12. Then, the response spectra of 
the eight soil sites were calculated using the proposed model and SHAKE program. The 
level-2 bedrock spectrum in the Japanese Seismic Design Code (2000) was used as the 
seismic input. The SHAKE analysis was conducted using ten spectrum-compatible time 
histories generated from the bedrock spectrum. The soil nonlinear behavior, including the 
degradation of the shear-wave velocity and increase in the soil damping ratio, are estimated 
using the method of Inoue et al. (2010). Then, the soil spectra obtained by the proposed 
model are compared with the soil spectra obtained by the SHAKE program, as shown in 
Fig. 13. It is found that the proposed model can provide very good estimations for most of 
these actual multi-layer soil sites. Although the proposed model may underestimate/over-
estimate the results at some periods, it can provide a very good estimation of the results 
at most periods. To quantify the average error at different periods, the relative error of the 
area of the response spectrum enclosed by the period axis (from zero to 10 s) is adopted. 
For most soil sites, the relative error is smaller than 5%, for one soil site with the longest 
fundamental period (Fig.  13e), the relative error is approximately 30%. Considering the 
simplicity and accuracy, the proposed model is suitable for practical seismic design. In 
addition, recent studies (Chandra et  al. 2016; Guéguen et  al. 2019) have shown the bias 
between nonlinear soil response from the experimental (in-situ) observation and numeri-
cal analysis, thus the proposed analytical model should be further validated and discussed 
using experimental data in future studies.

6 � Conclusions

This study proposes a new analytical RSR model that considers the effect of earthquake 
scenarios. The mechanism of the effect of earthquake scenarios, i.e., the variation in the 
RSR with the earthquake scenario is systematically investigated by comparing it with the 
scenario-independent FSR based on random vibration theory. Using the proposed RSR 
model, the design spectrum incorporating site effects can be appropriately constructed. The 
main conclusions of this study can be summarized as follows:

1.	 The RSR varies with the earthquake scenario even for linear analysis, and the key factor 
governing the effect of earthquake scenarios is the ground-motion frequency content.

2.	 The overall shape of the RSR is similar to that of the FSR, their maximum values occur 
at the same period, and the maximum value of the FSR consistently exceeds that of the 
RSR.

3.	 The values of the RSR and FSR are similar at long periods, and the RSR values at long 
periods gradually approach those of the FSR with increasing magnitude and distance.

4.	 The values of the RSR and FSR at very short periods are very different, and the differ-
ence increases with increasing magnitude and distance.

5.	 The proposed RSR model is verified by comparing it with results obtained from SHAKE 
analysis while considering a variety of actual soil conditions. It was found that using 
the proposed model can derive good estimations of the design spectrum incorporating 
site effects.
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(a)

(c)

(b)

(d)

(e) (f)

(g) (h)

Fig. 13   Comparison of response spectra by the proposed model and SHAKE program a site 11, b site 12, c 
site 13, d site 14, e site 15, f site 16, g site 17, and h site 18
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